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SUMMARY 
In this work, the method of discrete ordinates as applied to the 
Solution of the linearized Boltzmann equation with BGK collision model 
is established on a rigorous, fundamental basiSo The method consists of 
replacing the integrations over velocity space of the perturbed distri-
bution function by an appropriate quadrature„ This requires approximating 
the velocity dependence of this function by a set of functions, each 
evaluated at appropriate discrete points in velocity space. Thus, rather 
than solving an integro-differential equation for a function depending 
upon space, time, and velocity, the problem is transformed into the Solu-
tion of a linear System of first order partial differential equations in 
a set of functions which are continuous in space and time, but are point-
functions in velocity space» This set of equations is then solved simul-
taneously as an approximation (only in the sense of numerical truncations) 
to the true perturbed distribution function. An interesting and useful 
feature of applying the quadrature method to the velocity dependence of 
the distribution function is that the macroscopic quantities of interest 
are all formed by taking velocity moments of this function. Hence, these 
moment integrations are evaluated using the same quadrature by which the 
distribution function is originally solved, resulting in an extremely 
convenient form for calculations„ 
After developing the discrete Ordinate method for the unsteady, 
multi-dimensional linearized gas dynamic problems, the technique is 
applied to several flow situations in order to establish the accuracy 
XIV 
and Utility of the method. First, the case of steady Couette flow be-
tween two infinite parallel plates is considered. This problem has been 
previously solved numerically over all flow regimes from free molecular 
to continuum. Several analytical methods have also been applied to the 
problem, two of which are the iteration method of Willis and the half-
range moment method of Gross, Jackson, and Ziering. 
The discrete ordinate method using the Gauss-Hermite quadrature 
was compared to these other methods„ It gave results for the flow 
velocity and shear stress which compared favorably with the accurate 
numericai Solution in the transition and slip flow regimes and led to 
the proper Solution in the continuum limito In an effort to improve 
the results in the near free molecular flow regime, a new half-range 
Gauss quadrature was developed. With this modified quadrature excellent 
results were obtained from near free molecular flow to the continuum 
regime. One of the important features of the discrete ordinate method 
is that general Solutions are readily obtained for arbitrary Orders of 
approximation, so that higher approximations are easily found if a 
Computer is available to solve a linear System of algebraic equations. 
This feature does not appear to occur with the half-range moment method, 
so that the discrete ordinate technique yields superior Solutions to 
this problem for a given amount of computational effort. 
The next problem examined was the case of the volume flow rate of 
a one-dimensional flow in an infinite Channel. Again, an accurate 
numericai Solution by Cercignani and Daneri was available with which to 
compare the results; and the half-range moment method had previously 
been applied to this problem by Huang and Stoy. The discrete ordinate 
XV 
method gave excellent agreement with the numerical Solution up to the 
near free molecular flow regime when the new modified Gauss quadrature 
was used, and also proved to be superior again to the half-range moment 
method for a given amount of computational effort» 
In order to examine the method for time dependent problems, the 
cases of the transient development of Couette flow and of the Rayleigh 
flow problem of accelerating an infinite plate in its own plane were 
next consideredo The technique led to a System of linear partial dif-
ferential equations, and these were attacked with the numerical method 
of finite differences. Cases of impulsive plate acceleration and of 
accelerating from rest to a given final velocity over a period of time 
were examined. These problems yielded quite interesting results in 
describing the transient behavior of the perturbed distribution function. 
The results for extremely small and extremely large times agreed well 
with anaiytical expressions for these asymptotic conditions. Also, the 
problems involved in applying the finite difference method to a nearly 
free molecular flow are discussed, 
The results of the investigation may be summarized in the follow-
ing conclusions: 
L The discrete ordinate method has been shown to give accurate 
Solutions over a wider ränge of Knudsen numbers for a given amount of 
computational effort than any other existing analytic method applied to 
the linearized BGK Boltzmann equation. 
2. Much of the success of the method is due to the development 
of the modified quadrature. However, the Gauss-Hermite quadrature may 
be used with good success for values of d/y > 1. 
xvi 
3» The difference scheine presented for the time dependent 
System of partial differential equations is stable and converges to the 
steady State Solution for the transient Couette flow problem investi-
gated and to the appropriate asymptotic Solution for the Rayleigh flow 
problemc 
M-c Difficulties in the application of a finite difference method 
to an initial value problem have been pointed out, with emphasis being 
placed on discussing the effects of the relation of grid spacing to 
mean free path. 
5. For physically realistic initial value problems the finite 
difference scheme applied in conjunetion with the discrete ordinate 
method will give excellent results, even to a scale quite small compared 
to the mean free path of the gas» 
6c The primary weakness in the discrete ordinate method is in 
the very near free molecular flow regime (Knudsen numbers greater than 
100) where it is necessary to take large values of N to obtain accurate 
results. This weakness is not in the Solution for the perturbed distri-
bution function, but rather in applying a quadrature to form the velocity 




Background and Review of Recent Literature 
The field of gasdynamics can be roughly divided into several 
regimes depending rather arbitrarily upon a parameter known as the 
Knudsen number, K. This parameter represents the ratio of the mean 
free path of the gas to some characteristic length of the problem at 
hand, such as a body dimension or shock wave thickness. Hence, if the 
gas is particularly dense for a given Situation, or the characteristic 
length is quite large, the Knudsen number is much less than unity and 
the flow characteristics are determined primarily by intermolecular 
collisions within the gas. This type of flow is in the continuum regime 
and the gas may be treated as a continuous medium rather than as being 
composed of individual molecules. The Navier-Stokes equations which 
govern the phenomena in this regime have been well substantiated by 
numerous experiments and applications. At the other extreme is the 
case of free molecular and near free molecular flow where the gas is 
quite rarefied or the characteristic length is extremely smallo The 
Knudsen number is much larger than one so that the intermolecular col-
lisions are negligible and the collisions between the gas molecules and 
the surface become important. Flow phenomena in the strictly free 
molecular regime where there are no molecular collisions away from the 
boundaries of the flow are determined by the freestream velocity 
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distrlbution function and by the gas-surface interaction. Analysis Is 
made strictly from a microscopic viewpoint in which molecules travel in 
straight line-paths away from the boundaries, 
In the cases where the Knudsen number has a value intermediate 
between these extremes, two other regimes have been suggested: the 
transition regime (K greater than unity but not extremely large) and 
the slip flow regime (K less than unity but not extremely small)c In 
transition flow both gas-gas and gas-surface collisions have essentially 
equivalent importance In governing the flow characteristics* In slip 
flow the gas-surface collisions control the phenomena which occur within 
several mean free paths from a surface, but in the main portion of the 
flow the gas behaves much the same as it does in the continuum regime. 
Analytically, the slip flow regime was frequently attacked by use of the 
Navier-Stokes equations with boundary conditions which had been modified 
to account for velocity slip and temperature jump at the surfaces. Also, 
attempts have been made to describe such flows using higher order macro-
scopic equations such as the Burnette or Grad thirteen moment equations; 
however, the mathematics involved in these higher order equations is 
extremely complex, and there is little evidence that they yield results 
significantly better than those obtained by use of the Navier-Stokes 
equations with modified boundary conditions. For example, Sherman [1] 
performed an experimental investigation on shock waves in low density 
flows and found that the Navier-Stokes equations gave an equally good 
comparison between theory and experiment as did the higher order equa-
tions. Also, these macroscopic equations cannot be extended into the 
transition and near free molecular regimes without appreciable error as 
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is evidenced by the work of Yang and Lees [2], who applied Grad's thir-
teen moment equations to the Rayleigh problem of a plate set impulsively 
in motion in its own plane. Significant differences between the free 
molecular limit found using the Boltzmann transport equation and the 
results for the Grad's equations were pointed out by Yang and Lees [3] 
in a later paper, thus indicating that the higher order macroscopic 
equations lose their validity as the gas becomes more and more rarefied, 
In the near free molecular flow regime the most useful analytic 
method, both from the Standpoint of accuracy and ease of application, is 
the iteration method developed by Willis [4-] in 1958= This technique 
consists of an iteration on the velocity distribution function with the 
zeroth iteration usually being taken as the free molecular or collision-
less Solution. The accuracy thus decreases as the Knudsen number 
decreases, and the method is generally not applied well into the transi-
tion regime since iterations of higher order than the first are extremely 
difficult to obtain. Also, convergence of the iteration scheme has not 
been demonstrated for any problem other than that of linearized Couette 
flow. It should be pointed out that if an approximate Solution is known 
for transition Knudsen numbers, the iteration technique can be applied 
to this Solution rather than to the free molecular results» This has 
been done by Stoy [5] and Huang and Stoy [6] for the ease of Channel 
flow between two parallel plates in which the zeroth iteration is taken 
as a low order Solution using the velocity moment method (which is 
discussed below). In the near free molecular and transition regions, 
results after one Iteration gave good agreement with the numerical Solu-
tion given by Cercignani and Daneri [7], However, in the region of 
slip flow the first iteration gave no change from the zeroth, so that 
convergence to the correct Solution appears to be extremely slow in 
this region, if it exists at all for this problem. However, despite 
the fact that it is usually impractical to extend the iteration well 
into the transition and slip flow regimes, there is no other known 
method which can give such good results in the near free molecular 
regime for the same amount of work. 
Another technique, the velocity moment method, is available for 
Solution of the linearized Boltzmann equation and is based on an expan-
sion of the velocity distribution function as a series of orthogonal 
polynomials in velocity space. This method was applied to the linearized 
problem of shear flow and heat transfer between parallel plates by Mott-
Smith [8] and by Wang-Chang and Uhlenbeck [9], [10], and [11]. The 
infinite series of orthogonal polynomials must be truncated after a 
finite number of terms, and Reference [10] indicates that the convergence 
of these Solutions for large Knudsen numbers is poor. Gross, Jackson, 
and Ziering [12] have improved greatly upon this technique by expressing 
the distribution function as one which possesses a two-stream character, 
that is, by distinguishing between particles which are traveling toward 
a surface and those moving away from it. This improvement is based upon 
the fact that the velocity distribution function is discontinuous at a 
surface with respect to the velocity component normal to that surface. 
Further, this condition holds within a distance on the order of a mean 
free path from the surface regardless of the Knudsen number so that it 
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provides a boundary condition for all flow regimes. However, even this 
modification does not allow the moment method to yield accurate Solu-
tions in the near free molecular and early transition regimes with a 
reasonable amount of effort. 
Thus, to this date there is no single analytical method which, 
when applied to the governing equations of gas dynamics, will yield 
Solutions over the entire ränge of Knudsen numbers with a reasonable 
amount of work, even for the simplest linearized problems. 
Discussion of the Method 
The method of discrete ordinates has long been known in the field 
of radiative transfer (i.e. Chandrasekhar [13] and Kourganoff [14]) and, 
in fact, was suggested as a possible analytic approach to the Boltzmann 
equation by Krook [15] in 1955 and again by Gross, et al. [12] in 1957, 
This technique consists of replacing the Integration over velocity space 
of the perturbed distribution function in the linearized Boltzmann equa-
tion by an appropriate quadrature. This requires approximating the 
velocity dependence of the perturbed distribution function by a set of 
functions, each evaluated at appropriate discrete points in velocity 
space. Thus, rather than solving an integro-differential equation for 
a function of space, time, and velocity, the problem is transformed into 
the Solution of a linear System of first order partial differential 
equations in a set of functions which are continuous in space and time 
but are point-functions in velocity space. This set is then solved 
simultaneously as an approximation (only in the sense of numerical 
truncations) to the true distribution function* An interesting and use-
6 
ful feature of applying the quadrature method to the velocity dependence 
of the distribution function is that the macroscopic properties of 
interest are all formed by taking velocity moments of this function. 
Hence, these moment integrations are evaluated using the same quadrature 
by which the distribution function is originally solved, resulting in an 
extremely convenient form for calculation* 
There have been two previous papers on the discrete ordinate 
method--the first by Broadwell [16] and the second by Hamel and Wachman 
[17]—both of which appeared in 1964. Broadwell used an interesting 
physical argument based on a hard spheres collision model to evaluate 
the collision integral of the Boltzmann equation. This, mathematically, 
was equivalent to the use of a first order quadrature formula. Although 
these results give a good qualitative picture of the flow phenomena for 
the problems of Couette and Rayleigh flow investigated by Broadwell, 
they are not very accurate from the quantitative viewpoint; and such an 
approximation would most probably be incapable of describing the flow 
characteristics in any wide class of gasdynamic problems. 
The paper by Hamel and Wachman was an improvement over Broadwell's 
work in that the quadrature technique was explored from a mathematical 
rather than a physical point of view and then applied to the hard sphere 
model for the case of steady Couette flow to a higher degree of approxi-
mation. However, from several Standpoints there are pörtions of that 
work which might need further investigation.' First is that both Gauss-
Laguerre and Gauss-Hermite quadratures were used and weighted in an 
arbitrary fashion depending upon the inverse Knudsen number, 6. The 
precise manner of weighting these two forms is difficult to establish 
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without knowing the results a priori. Second, the mathematical method 
used resulted in the inability to calculate macroscopic flow properties 
on their digital Computer in the slip and continuum flow regimes for 
the steady Couette flow case investigated. This occurred because the 
technique used for solving the resulting set of simultaneous differen-
tial equations leads to a series form which causes numerical difficulties 
for 6 greater than two. Finally, and most important, the functional 
form proposed as the Solution to the Couette problem does not possess a 
character which yields the proper velocity profile in the continuum 
limit (6 -> °°). Although the macroscopic velocities at the boundaries 
and at the centerline are forced to have the proper values by applying 
the boundary conditions and the symmetry of the problem, the continuum 
limit requires a linear Variation across the space between the plates; 
and this is not achieved with the strictly exponential Solution obtained 
by Hamel and Wachman. Hence, even if no numerical difficulties for 6 
greater than two were encountered, the results for the slip and con-
tinuum flow regions should be incorrect. 
Purpose of the Research 
Since the Navier-Stokes and other higher order macroscopic equa-
tions may be obtained as special forms of the Boltzmann transport 
equation, there has been considerable interest in the possibility of 
solving many gasdynamic problems for all flow regimes, from free 
molecular to continuum, using this equation. The capability of solving 
a given problem for all values of Knudsen number from a single equation 
and using a single technique is not only of academic interest, but also 
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of significant practical importance. 
It is the purpose of this research to develop the method of 
discrete ordinates for the Solution of the linearized Boltzmann equation 
in an effort to determine the accuracy and practicability of using the 
technique for solving flow problems over as wide a ränge of Knudsen 
numbers as possible. The only other papers dealing with the discrete 
ordi.nate method either represent a crude approximation with few contri-
butions to the mathematical development of the quadrature method or 
cannot be applied to a wide ränge of flow regimes due to the incomplete-
ness of the Solution. 
This investigation was conducted from the point of view that the 
method must be established on a sound, rigorous, and fundamental base; 
and an effort was made to keep the mathematics as simple—but as complete 
and useful—as possible. In this work the method of discrete ordinates 
as applied to the linearized Boltzmann equation with the Bhatnager-
Gross-Krook [18] model for the collision integral is established over a 
much wider ränge of Knudsen numbers than any other single method (some 
discussion on these aspects has also been presented in two papers by 
Huang and Giddens [19] and [20]). The technique is applied to several 
one-dimensional steady and unsteady problems and the results compared 
with those of other investigators where such Information is available0 
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CHAPTER II 
DEVELOPMENT OF THE DISCRETE ORDINATE METHOD 
Discussiori of the Kirietic Theory Approach to Gasdynamics 
The Liouville equatiori of Statistical mechanics can be reduced, 
under the assumptions of molecular chaos and binary collisions of a 
Single component gas, to the Boltzmann transport equation [21] 
|f + v-V f + (F /m)'V f = (6f/6t) (1) 
3t , •* ext -*. c 
x v 
->- ->- . 
where f = f(x,v,t) is the velocity distribution function which depends 
-> -> 
upon space,'' velocity, and time. Here x and v are the space and velocity 
vectors, V-* and V-̂  are'the gradient Operators in physical space and 
- > • 
velocity space, respectively, F is the external force vector applied 
6XT. 
to the gas of molecular mass»m, and (6f/6t) is the total time rate of 
change of the distribution function due to collisions of the molecules. 
For problems of interest in this research it will be assumed that there 
are no external forces acting on the particles of the gas. Further, 
since one of the prime objectives of this investigation is to establish 
the method of discrete ordinates upon a sound mathematical foundation 
and to retain analytical expressions as much as possible, the Bhatnager-
Gross-Krook model developed in Reference [18] will be used for the col-
lision integral. Not only is this perhaps the simplest model available, 
but it is also one of the most accurate for several gases. For example, 
10 
Stoy [5] found that the BGK model gave good agreement with experiment 
for the cases of flow of hydrogen, helium, and carbon dioxide in an 
infinite Channel. 
Using this BGK model the Boltzmann equation takes the form 
ff + v-V-*f = ;kf -f) (2) 
dt x a ecl 
where n is the number density of the gas, a is the collision time, and 
f is the local Maxwellian equilibrium distribution function given by 
eq ^ J 
3 2 i->- -*i 2 
. _ nß -8 v-u . v 
f - o /n e (3) 
eq 3/2 
TT 
where ß is the inverse of the most probable molecular velocity, i.e. 
1/2 -»• 
ß = (m/2kT) , and u is the flow velocity. 
Although the BGK collision model has been applied, Equation (2) 
governs a very wide class of gasdynamic problems so long as the assump-
tions of a single component gas with binary collisions, of molecular 
chaos, and of no external force fields hold for the particular Situa-
tion. For example, Equation (2) may be used to solve many high speed 
flow problems -such as the shock wave structure or hypersonic flow over 
a flat plate in addition to some of the more classical problems of lower 
speed flows suggested in the subsequent sections of this dissertation. 
Development of the Linearized Boltzmann Equation 
It will be assumed that the problems to be dealt with in the 
present investigation are such that the true distribution function is 
11 
perturbed only slightly from a reference equilibrium condition which is 
independent of position and time. In particular, it is assumed that 
f = ß^f0Cl + $(x,c\t)] (4) 
o 
-3/2 -c 
where f = n TT e is the reference equilibrium distribution func-
o o ^ 
1/2 
tion corresponding to 3 = (m/2kT ) with T being the reference 
o o o 
temperature. Here, c = 3 v is the nondimensional microscopic velocity 
and $, the perturbed distribution function, depends upon space, velocity, 
and time and is considered small in magnitude compared to unity. Fur-
ther, it follows that 
n = n (1 + n') (5) 
o 
and 
T = T (1 + T» ) ( 6) 
o 
so that 
n' = — ///f ^d3c (7) n - - - o o 
The nondimensional macroscopic velocity in the i-direction is then given 
by 
q. = - ff ff $c.d3c (8) 
l n J J J o l 
where q. = ßu. . 
i l 
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Thus, the equilibrium distribution function, f , may be 
expressed as 
m i-»- -*i2 
v-u 





3/2 2kT (1+TT) 
e ° (9) 
If the problems are such that n', Tf, and q << 1 , then the fol-
lowing linearized expression for the equilibrium distribution function 
can be obtained: 
f = f [1 + n' + 2c-q + (c2-3/2)T'] (10) 
eq o 
Thus, there may be only small density, temperature, and velocity 
gradients and small velocities relative to the thermal velocity of the 
molecules. The linearized equation is then 
~: + c-v->$ = Bi [_$ + nT + 2c-q + (c
2 - 3/2)T'] (11) 
dt X G 
The validity of this relation requires that 
3$ 1 o << 
8v. f 8v. 
1 O l 
Equation (11) governs the calculation of the distribution function for 
problems which satisfy the conditions required for its derivation. 
Application of the Method of Discrete Ordinates 
It is the purpose of this research to develop the discrete 
ordinate method from a fundamental viewpoint so that it will be 
13 
established rigorously for basic gasdynamic problems. For this reason 
the problems considered are such that there are no temperature or 
density gradients so that n' and T' vanish. Further, it has been found 
by previous investigators, i.e. Gross, et al. [12], that to adequately 
describe conditions within a mean free path of a surface the distribu-
tion function must be expressed as one which possesses a stream-wise 
character; that is, a distinction must be made between molecules which 
are moving toward or away from a surface. Therefore, at this point 
Equation (11) is characterized to the case where the Variation of f 
depends upon a two-stream character in the microscopic velocity direc-
tion c „ 
x 
One dimensional classical problems, such as plane Couette flow 
and Rayleigh flow, were chosen for discussion in the interest of sim-
plicity; however, the success of these applications indicates that the 
method could, in principle, be extended to flow problems with higher 
dimensions. 
For the Couette and Rayleigh flow problems, the x-direction is 
taken to be normal to the plane of the bounding surfaces as shown in 
Figure 1. Using Equation (8) and this two-stream description, Equation 
(11) may be separated into two equations as follows: 
+ + oo 
« f f • **&- - f « - *+•-§7* s " 
TT -°° 
2 2 / 2 _ • 2v 
oo - C O _ -C - ( c + C ) 
[ / <S> e x de + / $ e X de ] • c e Y de de } 
J x J x z y z 
n -oo J 
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Couette Flow 
/ / / / / / / / / / / / / / / / / / / / / / / / „ +w/2 
-w/2 ̂ -
/////////////////////// 
Note: w/2 and w are the actual plate velocities nondimensionalized 
by the most probable molecular velocity, ß"-'-. 
Rayleigh Flow 
7777777777777777777777777777 _>. w 
Figure 1. Geometries and Coordinate Systems for 




3t + °x 3x 
(13) 
2 2 
OO OO — Q —Q 
- ß{ - *_ + -4T^ C / / c / $ + e x dc + 1 ° $ " e x dc ^ 
o 3/2 z J J J x J x 
77 _oo o -°° 
-(c 2 + cz
2) 
• c e de dc } 
z y z 
Note that $ has been re-defined aecording to the relation 
'(x,c9t) = ( 
> (x.c.t) for c > 0 x 
(x.c.t) for c < 0 x 
(14) 
In order to solve the above equations it is proposed that the 
Integrals in the integro-differential equation be approximated by an 
appropriate quadrature. The Gauss quadrature technique for evaluatin^ 
an integral of the form 
b 
/ w(u)f(u)du , 
a 
where w(u) is a weighting function, involves the approximation 
b N 
/ w(u)f(u)du = y H.f(a.) J . ^ , 1 1 
(15) 
i = l 
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The H. are welghting coefficients, and the a. are discrete points at 
which the function f is evaluated. These quantities depend upon a, b, 
and w(u); and the method for their determination will be discussed in 
detail in Chapter III. 
Since the Integrals of Equations (12) and (13) contain a weight-
2 —c ing function of the form e and the limits of Integration are from 0 
to °° and -°° to 0, the Gauss-Hermite quadrature may be applied to the 
right-hand side of these equations. This results in a System of linear 
partial differential equations of the form 
9^jcv£ ± a M icve = D. 0{ - $* (i6) 
p at K 9x o K ^ 
2L 2M N 
+ ^ T T T Y l l I Yi.H-H.H, [<!>!., + <D. .. ]} 
TT3/2 e k=l i=li=l 1 : 13 13 
where K = 1,2,...,N; v = 1,2,...,2M; and e = 1,2,...,2L. Here the 
1 . . . . + 
$ are functions of position and time and, for example, $ repre-
Kve KVE r 
sents the function $(x,c,t) evaluated at the discrete velocity points 
c = + a , c = £ , and c = Y . The values of a are the positive 
x K y v z e K 
roots of the Hermite polynomial of degree 2N, the c, are the roots of 
that polynomial of degree 2M, and the y are those for degree 2L. The 
H , H , and H are the corresponding weighting coefficients of the 
K V £ 
Gauss-Hermite quadrature. Thus, the integro-differential Equations (12) 
and (13) have been approximated by a linear System of partial differen-
tial equations. 
For the BGK collision model it can be shown that the summations 
over j and k are independent of each other so that the actual working 
17 
form for Equation (16) is 
9* 9̂  N 
K . K _ n = ^ [ - Y* + — y H.(vt + ¥.)] (17) 





where the Solution for <S> has been expressed by the form 
^(x^t) = c 4'±(x,c ,t) (18) 
Z X 
which exactly satisfies the linearized Boltzmann equation. This means 
that the complete distribution function has been expressed as 
f^x.c.t) = 33f [1 + c ^(x9c ,t)] (19) 
O O Z X 
Note that this form for the distribution function indeed gives 
the results that number density, n, and temperature, T, are constant 
as may be seen by forming the appropriate velocity moments using the 
kinetic theory definition of these two quantities. 
Equation (17) represents a System of 2N linear partial differen-
tial equations in the unknowns 4* (x,t) and V (x,t) for K = 1,2,...,N. 
Since the macroscopic flow quantities of interest are determined by 
moment integrations over velocity space of Equation (19), then these 
integrals may be evaluated using the same quadrature--and hence, the 
same points in velocity space—as is used originally in solving for the 
distribution function. For example, the flow velocity in the z-direction 
may be expressed as 
18 
1 » 0 0 »OO «OO - > -
q ( x , t ) = - J J J v f ( x , v , t ) dv dv dv (20 ) 
^z n j ; ^ z x y z 
— 0 0 —OO _ O 0 J 
o r , us ing Equation ( 1 9 ) , 
2 
1 c00 v 
q (x,t) = -^- J e ^(c ,x)dc (21) 
Z n /~ X X 
2/77 -oo 
The Gauss-Hermite quadrature is then applied to this integral to 
give 
N 
q (x,t) = — l H.C?t(x,t) + ¥.(x,t)] (22) 
z ~r~ . , i i i 
2/TT I = 1 
Other macroscopic quantities may be determined in a similar mari-
ner. For example, the shear stress in the y-z plane is given by 
N 
P (x,t) = — l H.a.[^t(x,t) - Y.(x,t)] (23) 
XZ _ / — . ' ' - 1 1 1 ' 1 
2/TT I=1 
Thus, once the ¥ functions have been determined from Equation (17) with 
appropriate boundary conditions, the flow characteristics may be evaluated 
from these convenient summations. 
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CHAPTER III 
DEVELOPMENT OF AN APPROPRIATE QUADRATURE 
The Gauss-Hermite Quadrature 
In the first application of the discrete Ordinate method to the 
problem of steady Couette flow the Gauss-Hermite quadrature was used 
since the various values of a and H are tabulated up to 2N = 20 in 
K K 
severai mathematical tables and texts, i.e. Kopal [22]. This particular 
quadrature was developed for integrals of the form 
J°° e"fi g(ß) dfi 
—oo 
Hence, in order to apply it to the half-range integrations over c it 
is necessary to break up the Integration into 
2 2 _ N N 
Je g(n)dß = Je [g+(n)+g~(n)]d = l H.g+(a.) + £ H±g (-cu) (24) 
-oo -oo i = l i = ]_ 
where 
g+(fi) = 0 for. ß < 0 (25) 
g~(fl) = 0 for Q, > 0 
The a. are the positive roots of the Hermite polynomial of degree 2N, 
and the H. are the corresponding weighting coefficients. This Separa-
tion of the intervals of Integration is possible due to the fact that 
20 
the 2N roots are symmetrically distributed about zero (for instance, see 
Huang [23]). The detailed results obtained in applying the Gauss-Hermite 
quadrature to steady Couette flow and to the flow in an infinite Channel 
will be discussed in a subsequent chapter« 
The Modified Gauss Quadrature 
Equations (12) and (13) in Chapter II indicate that the Integrals 
of interest in the linearized Boltzmann equation with BGK model are the 
half-range Integrals 
2 2 
o _ -c oo , -c 
J $ e de and J $ e de 
J x J x 
_oo O 
Rather than adapting the Gauss-Hermite quadrature to these forms, a much 
more direct approach in applying the discrete Ordinate method is to 
develop a new quadrature specifically for the above Integrals. Further, 
there is good physical justification for such an approach. Due to the 
two-stream character of the perturbed distribution funetion, there is a 
discontinuity between $ (c > 0) and $ (c < 0) at the velocity point 
c =0. The discontinuity, which is quite important in near free 
molecular flow, can be well described by the half-range quadrature whereas 
the full-range or Gauss-Hermite method cannot do this. Thus, it is 
expected that the results for near free molecular flow will be greatly 
improved if each of the integrals is approximated by a half-range quadra-
ture with new roots and weighting coefficients generated specifically for 
the intervals (-°°,0) and (0,°°). More detailed discussion on this feature 
is given in a paper by Huang and Giddens [24]. 
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Since 
2 °° -2 
/°e"fi g(fi)dft = / e"fi g(6)dÖ (26) 
if fi=-fi, the half-ränge quadrature appropriate to the interval (-°°,0) 
may be obtained from that generated for the interval (0,°°). Hence, it 
is only necessary to derive the roots, a., and weighting coefficients, 
H,, such that 
i 
TO _o2 N _ 
J e " g(fl)dß = l Hig(ai) (27) 
o i=l 
Then, from Equation (26), it follows that 
2 N 
J° e"" g(n)dfl = £ Hig(-äi) (28) 
-oo i = l 
The method for determining the new quadrature values is now con-
sidered. It is desired to find the values a. and H. such that Equations 
1 1 ^ 
(27) and (28) are satisfied. The requirement of Gauss is that these 
equations are exact if g(fi) is a polynomial of degree 2N-1 or less. If 
g(fi) is not such a polynomial, then these expressions represent approxi-
mations to the true values of the integrals. 
Thus, define 
oo 2 
Ü> = J e~^ Qk dft (k = 0,1,...,2N-1) (29) 
K 
O 
which, according to Equation (27), may be written as 
22 
V, -k = J H . a? (30) 
. , 1 1 
w k k i = l 
Since the oo may be obtained from (29) by analytic Integration, Equation 
K 
(30) represents a System of 2N equations in the 2N unknowns a„ and H. 
for i = 1,2,...,N. However, this is a non-linear System and for large 
values of N is not readily solvable. 
Following Kopal [22] the array of 2N equations of the form of 
Equation (30) is divided into N sets of N + 1 equations each, with the 
form given by 
N . . 
5 - D+k •+v = I H. 5.
3TK (31) 
n+k .Ln I I J i=l 
for j = 0,1,...,N-l and k = 0,1,...,N. A set of N constants, c , 
K 
is defined as the Solution of the simultaneous linear System 
N-l 
OJ. XT + J cn oj. n = 0 (32) 
:+N k^0 k u+k 
Inserting Equation ('31) into Equation (32) gives 
N _ _. N-l 
T H. crkä. + J c, a.] = 0 (33) 
i=i 2 x 2 k=o k 2 
In order for (33) to be true for non-trivial values of a. and H., it 
l I 
is sufficient that the terms in the bracket of (33) be equal to zero, 
Thus, the a. for i = 192,...,N are the roots of the algebraic poly-
nomial of degree N, 
23 
w N _ 1 v 
x + T C l x
K = 0 (34) 
k = 0 k 
where the c, are obtained by the Solution of Equations (29) and (32). 
Then, knowing the a. by solving (34), it is possible to Substitute the 
results into Equation (30) in order to determine the H. from a linear 
System. Thus, the new quadrature roots and coefficients may be obtained 
by solving two linear algebraic Systems of N equations each along with 
determining the roots of an Nth degree polynomial, 
The above equations were solved on a Burroughs B5500 digital 
Computer for cases up to N = 8. These results are presented in Table 1. 
Although nine significant digits are reported for each case, no claim 
can be made to an accuracy greater than eight decimal places due to the 
accumulation of round-off error in the Computer. 
This new modified quadrature was applied to the Couette and Chan-
nel flow problems. As indicated in greater detail in Chapters IV and V, 
the improvement in the results over the Gauss-Hermite quadrature is 
remarkable. In fact, it is the development of this modified quadrature 
which enables the discrete ordinate method to give accurate answers 
over such a wide ränge of Knudsen numbers. In the near free molecular 
flow regime this is directly related to the evaluation of the integral 
(see Huang and Giddens [24]) 
2 
F(A) = J°° e"^ ~A/^dü (35) 
This integral occurs as the Solution for the perturbed distribution 
Table 1. Roots and Weighting Coefficients for the 
Modified Gauss Quadrature for N = 1 to 8 
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Weighting 




1 0.564189584 0.886226925 
2 0.300193931 0.640529180 
1.252421045 0.245697746 
3 0.190554150 0.446029770 
0.848251867 0.396468267 
1.799776578 0.437288880 




x 10 2.262664477 0.637432347 




x 10 ö 
1.779729480 0.332466497 
2.669760263 0.824853772 












x 10 "J 


















function in near free molecular flow using the Willis iteration method 
if c is substituted for fi and A is taken to be proportional to the 
inverse Knudsen number. Thus, the accuracy with which a given quadrature 
can approximate F(A) for small A will serve as an indication as to 
whether that quadrature may be used to solve rarefied gasdynamic Prob-
lems in the near free molecular flow regime. 
The function F(A) has been evaluated numerically by Chahine and 
Narasimha [25] who estimate that their computations are accurate to 
eight decimal places. Willis [26] also evaluates this integral using a 
series expansion and reports values estimated to be accurate to six 
decimal places. Table 2 gives the evalüation of F(A) by the Gauss-
Hermite quadrature (N=10) and by the modified quadrature (N=8) and these 
are compared with the numerical Solution of Chahine and Narasimha. Note 
that the half-ränge quadrature gives better numerical results than those 
of the Gauss-Hermite quadrature over the entire ränge of values of A; 
but, in particular, it is far superior for small values. The new modi-
fied quadrature must be considered as one of the most important contribu-
tions of this research, because it allows the discrete Ordinate method 
to be extended much farther into the near free molecular flow regime. 
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COUETTE FLOW BETWEEN PARALLEL PLATES 
Solution of the Governing Equations for the 
Case of Couette Flow 
General Solution 
In this chapter the discrete Ordinate method is applied to the 
Solution of a steady Couette flow between two parallel plates. Since 
this problem has been solved numerically by Willis [26] for inverse 
Knudsen numbers ranging from 1.0 to 20.0 and analytically for the ränge 
of 0.01 to 1.0, it is possible to compare the Solution obtained by the 
discrete Ordinate method with these results. Also, Gross, et al. [12] 
and Lees [27] have presented Solutions over portions of this inverse 
Knudsen number ränge with which the present method may be compared in 
order to see which gives the more accurate results. 
The geometry for this problem was shown in Figure 1. Note that 
the top and bottom plates move opposite to each other with nondimensional 
velocity w. The distance between the plates is d and the x-direction is 
taken to be normal to the plates. For this case Equation (17) may be 
«. . 
reduced to 
d Y ± ± N 
± et £ -r-£ = _ y- + -±_ V H.CYT + Y.) (36) 
K d dt; K /— . ̂  i i i 
V7T 1 = 1 
K = 1,2,...,N 
28 
where y = a/nß is the mean free path for BGK model and £ = x/d is the 
normalized coordinate between the plates. Note that Equation (36) is a 
homogeneous linear System of ordinary differential equations and may be 
solved by the Standard method of assuming Solutions of the form 
»* = A* e « 
K K 
The complete details for solving Equation (36) are given in Appendix A. 
However, it is important to point out here that both the Gauss-Hermite 
and the modified quadratures allow the appearance of a degenerate Solu-
tion for the characteristic equation which determines p. Thus, in 
addition to the exponential forms, the Solution to (36) also possesses 
a term linear in E, and a constant. It is this feature which does not 
occur in the strictly exponential Solution given by Hamel and Wachman 
[17] and hence allows the present method to extend accurate Solutions 
into the continuum flow regime. 
The Solution to Equation (36) is given by (see Appendix A) 
+ E U - - j a ) - F (37) 
d K 
and 
+ EU-.+ x a ) - F (38) 
d K 
N - l 
¥ + ( £ ) = — l 
K r -_ i 
VIT J - l 
C. + D. 
] 1 + /rü~ a : 
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:¥ 
1 - vr\. a 
1 K 
N - l 
y u) = — l 
VIT 3 = 1 
e 
C . + D. 
1 1 - AT a ] 
3 < 
; p : 5 




where n. - (v/d p.) for j = 1,2,...,N-l. The n. and p. are determined 
by this relation and by the characteristic equation 
N ^ r 
I^-S • -2 (39) 
1=1 1 - na. 
1 
N /-
Note that since l H. = — there is the degenerate Solution n = 0. The 
i=l 1 
C., D., E, and F in Equations (37) and (38) must be determined by apply-
ing the boundary conditions of the problem. 
Application of the Appropriate Boundary Conditions 
Usually the distribution function at a surface is considered to 
be composed of two parts: one part is the fraction of incident molecules 
reflected specularly and the other is the fraction reflected diffusely, 
denoted by o the reflection coefficient. Thus 
f±u = * h cx} = °ifMu = * ¥ + ( 1 - a i ) f + a = + 7. + cx) (
4°) 
where f.,(? = + —) is the local Maxwellian equilibrium distribution func-
M 2 ^ 
tion at the plates. For problems studied in this research it is assumed 
that o = 1 so that the boundary conditions require that the molecules 
are reflected completely diffusely from the surfaces. This assumption 
is in agreement with experimental data for molecules impinging upon 
engineering surfaces under subsonic flow conditions since the reported 
values of o are usually above 0.9 (for example, see Estermann [28]). 
The boundary conditions may then be linearized in keeping with previous 
assumptions to the form 
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^+U = -77 , c > 0) = -w 2 x 
Y U = + -j, cx < 0) = + w 
For the discrete Ordinate method these conditions must hold for each K 
so that the constants in Equations (37) and (38) are determined by 
applying the 2N relations 
\ U = + \) = + w (K = 1,2,...,N) (41) 
Due to conditions of symmetry of the flow it can be shown that C. = -D. 
and F = 0 so that only N of these relations are required and the Solu-
tion of the Couette problem may be written 
N-l 
Y U) = — l c. 
• TT H = l 
.V ; p j s 
1 + Vr\. a 1 - Vx\. a 







— I c. 
/n~ j=l : 
.V ;¥ 
1 - /n. a 1 + / ri • a 
3 K 3 K 
+ E(£ + f a ) 
d K 
(43) 
for K = 1 , 2 , . . . , N . The C. and E may be determined from the N equat ions 
N - l 
- I C. 
A~ j= i 3 
p / 2 • P j / 2 
- vru ot 1 + / n T a n. a 
: K 
: K 
+ E(i+ £ a ) 
2 d K = w 
( 4 4 ) 
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for K = 1,2,...,N. It is possible to solve Equations (42) and (43) for 
+ 
V /(w/2) so that the Solution need not be repeated for each different 
K 
velocity w/2 of the plates. 
Solution for the Flow Quantities 
The flow velocity and shear stress are found from Equations (22) 
and (23) and may be written as 
q U ) ., N N-l sinh(p.C) 
7 ^ — Y = E K + ^ l l H.C. V 




xz = 2/n" 
xz f.m. 
l v ? 
4 
2-
cosh(p .£) _ N N-l 
^-E+^ l ^H.afc.AT 
d ^ i = l j = l 1 1 ] ] 1 - n.a2 
1 i 
(46) 
In these equations E = E/w, C. = C./w, and P is the free 
^ ' -1 -1 V 7 xzf.m. 
molecular flow value of the shear stress, -W/2/TT . Note that in all of 
these equations the a. and H. may be either those of the Gauss-Hermite 
quadrature or those of the modified half-ränge quadrature. 
Computational Procedures 
In order to obtain numerical values for the perturbed distribu-
tion function and the flow quantities, Equations (42) through (46) were 
solved on a Burroughs B-5500 digital Computer. Since the equations may 
be programmed quite generally for arbitrary N, the cases of N = 4 and 
N = 7 were selected for study. Note that this is in sharp contrast 
with the moment method in which higher order approximations are obtained 
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only with increasing difficulty. Computations were made for values of 
inverse Knudsen numbers ranging from 0.01 to 50.0. The programming 
technique used required the simultaneous Solutions of Systems of linear 
algebraic equations , and these were accomplished using matrix inversion 
and matrix products subroutines. It was also necessary to solve for 
the roots of the characteristic polynomial of degree N and the Newton-
Maehly procedure was used for this. These roots are tabulated in Table 
3 for the cases N = 1 to N = 7. The discrete roots and weighting coef-
ficients for the Gauss-Hermite quadrature were taken from page 569 of 
Kopal [22] while the values for the modified quadrature were generated 
on the Computer using methods described in Chapter III. These generated 
values were reported in Table 1. Quantities computed were the perturbed 
distribution function evaluated at the appropriate discrete velocity 
ordinates, the flow velocity in the z-direction, the velocity derivative 
at the centerline, and the ratio of shear stress to the free molecular 
flow value of shear stress. 
Results 
In this section the results of the discrete ordinate method, 
using both Gauss-Hermite and the new modified quadratures, are compared 
with the results obtained by several other techniques. For convenience, 
each method is assigned a number according to the following key: 
Method 1 Nuiaer ical Solution for the Couette prob lern 
given by Willis [26] 
Method 2 Solution of Gross, Jackson, and Ziering [12] 
using the second approximation in the half-
range moment method 
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Table 3 . Roots of the C h a r a c t e r i s t i c Equation 
N i 
l H . ^ 
/TT 
• i - i "2 " ~ 2 
i = l 1 - na. 
for the Modified Quadrature 
N = 1 N = 2 
N = 7 
0 
3.537247772 



























Method 3 Solution due to Lees [27] using a form of 
the moment method 
Method M- Discrete ordinate method for N = 4 using the 
Gauss-Hermite quadrature 
Method 5 Discrete ordinate method for N = 7 using the 
Gauss-Hermite quadrature 
Method 6 Discrete ordinate method for N = M- using the.' 
modified quadrature 
Method 7 Discrete ordinate method for N = 7 using the 
modified quadrature. 
Table 4 gives a comparison of the slip velocity at the walls 
using the methods listed above. It can be seen that both the half-
range moment and the discrete ordinate methods give good results in the 
slip and near continuum flow regimes using the numerical Solution of 
Willis as a Standard. (Willis actually uses the numerical Solution for 
d/y > 1.0 and the first iteration Solution for d/y < 1.0.) However, 
in the transition and near free molecular flow regions the discrete 
ordinate method with modified quadrature gives a much better Solution 
than any of the other analytical methods compared with Method 1. This 
fact is in clearer evidence when the actual velocity at the wall is 
considered in Table 5. Note that for d/y = 0.01 using the half-ränge 
moment method, the result is less than half of its appropriate value, 
whereas the modified quadrature allows the discrete ordinate method to 
yield a much more accurate result. 
Tables 6 and 7 give a comparison of the results for the shear 
stress ratio. Here there is evidence that the Gauss-Hermite quadrature 
has a weakness in the near free molecular flow regime since the free 
molecular value computed by that quadrature is 5.6 per cent too large 
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Table 4. Comparison of the Results for Normalized 
Slip Velocity at the Walls, 
[1 - q U=l/2)/(w/2)] 
z 
d/y* 1 
M E T H 0 D 
0.01 .9731 .9871 
0.1 .8559 .8844 
.9893 .9878 .9824 .9787 
.9034 .8923 .8609 .8526 
1.0 .4962 .4871 .6393 .5116 .5018 .4963 .4963 
1.25 .4515 .4422 .5864 .4622 .4553 .4520 .4515 
1,50 .4151 .4064 .5416 .4229 .4179 .4156 .4151 
1.75 .3846 .5032 .3906 .3870 .3850 .3846 
2.0 .3586 .3523 .4698 .3634 .3607 .3590 .3587 
2.5 .3165 .4149 .3200 .3182 .3167 «3166 
3.0 .2837 .2808 .3714 .2864 .2851 .2838 .2838 
3,5 .2572 .3362 .2595 .2585 .2573 .2574 
4.0 .2354 .2341 .3070 .2374 .2365 .2355 .2355 
5.0 .2015 .2008 .2617 .2030 .2023 .2016 .2016 
7.0 .1566 .1564 .2020 .1575 .1571 .1567 .1567 
10.0 .1174 .1174 .1506 .1180 .1178 .1175 .1176 
"An approximate breakdown of the different flow regimes for 
the values of d/y reported in these tables is: 
(i) d/y < 0.1 — near free molecular flow 
(ii) 1.0 < d/y < 3.0 — transition flow 
(iii) d/y > 3.0 — slip flow 
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Table 5. Comparison of the Results for Normalized 
Velocity at the Walls, 
[q U = l/2)/( 
z • 
w/2)] 
M E T H 0 D 
d/y 1* 2** 4 5 6 7 
0,01 .0269 .0129 .0107 .0122 .0176 .0213 
0.1 .1441 .1156 .0966 .1077 .1391 .1474 
1.0 .5038 .5129 .4884 .4982 .5037 .5037 
1.25 .5485 .5578 .5378 .5447 .5480 .5485 
1.50 .5849 .5936 .5771 .5821 .5844 .5849 
1.75 ,6154 .6094 .6130 .6150 .6154 
2.0 .6414 .6477 .6366 .6393 .6410 .6413 
*Values for Method 1 for d/y = 0.01» 0.1, and 1.0 are taken 
from Willis' analytical results [26]. 
**Values for Method 2 for d/y = 0.01, 0.1, 1.25, and 1.5 are 
taken from a comparison made by Willis [26], 
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M E T H 0 D  
d/y 1 2 3 4 5 6 7 
0.01 .9913t .9913 .9944 1.0451 1.0214 .9913 .9913 
0.1 .9259 .9215 .9466 .9738 .9512 .9241 .9254 
1.0 .6008 .5899 .6393 .6127 .6058 .6010 .6007 
1.25 .5517 .5427 .5864 O5603 .5552 .5513 .5511 
1.50 .5099 .5025 .5416 .5170 .5130 .5097 .5096 
1.75 .4745 .4687 .5032 .4805 .4772 .4743 c4742 
2.0 .4440 .4391 .4698 .4490 .4463 .4436 .4436 
2.5 .3938 .3904 .4149 .3975 .3955 .3933 .3933 
3.0 .3539 .3516 .3714 .3569 .3552 .3535 .3535 
4.0 .2946 .2934 .3070 .2967 ,2955 .2943 .2943 
5.0 .2526 .2517 .2617 .2540 .2531 .2522 .2522 
7.0 .1964 .1960 .2020 .1973 .1968 .1963 .1963 
10.0 .1474 .1472 .1506 .1479 .1476 .1473 .1473 
tThis value is reported as .9914 in Willis [48]. 
Table 7. Comparison of the Results for 
[1 - P /P ] 
xz xzr 
f .m. 
M E T H 0 D  
d/y 1 2 4 5 6 7 
0.01 •008719t .008746 -.0451 -.0214 .008706 .0086719 
0.1 .07412 .07846 .0262 .0488 .0759 .07457 
1.0 .3992 .4101 .3873 .3942 .3990 .3993 
1.25 .4483 .4573 .4397 .4448 .4487 .4489 
1.50 .4901 .4975 .4830 .4870 .4903 .4904 
1.75 .5255 .5313 .5195 .5228 .5257 .5258 
2.0 .5560 .5609 .5510 .5537 .5564 .5564 
tThis value is reported to be .0086 (rounded off) in Willis 
[48]. 
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for N = 4 and about 2.9 per cent too large for N = 7. This error may 
be related to the fact that 
P 
xz 
P .. . . 
X Z , 1=1 
f.m. 
which for the free molecular limit yields 
P N 
xz 
i S + -
= - y H.a.(-y. + ¥.) (47) 
w .u ̂ I I l I 
= 2 )" H.a. (48) 
. - i i p • i 
xzr i=l 
f.m. 
since V .->• - w and V .-> + w. For finite values of N using the Gauss-
1 1 
Hermite quadrature the above summation is not exactly equal to 1/2. 
Only in the limit as N ->• °° does Equation (48) yield the correct resultc 
However, use of the modified quadrature does yield the correct value 
regardless of the value of N since one of the relations used in genera-
ting the quadrature values is that 
N °° _ 2 
)" H.a. = / e U u du = 1/2 (49) 
. . . i i J 
1 = 1 O 
This is another indication of the advantages obtained by using the modi-
fied technique. 
The velocity slope at the centerline is tabulated in Tables 8 and 
9. Again, Methods 6 and 7 indicate much better results than any of the 
other analytical techniques when compared with the Solution of Willis, 
particularly in the near free molecular flow regime. 
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Table 8. Comparison of the Results for 
[1 - l/2(dqz/dO5 = 0] 
M E T H 0 D 
d/y 1 2 3 4 5 6 7 
0.01 .9749 .9871 .9944 .9893 .9878 .9824 .9787 
0.1 .8680 .8864 .9468 .9034 .8924 .8619 .8571 
1.0 .5556 .5110 .6393 .5231 .5254 .5643 .5565 
lc25 .5154 .4768 .5864 .4794 .4881 .5265 .5145 
1.50 .4821 .4514 .5416 .4460 .4591 .4923 .4807 
1075 .4537 .5032 .4194 .4353 .4618 .4525 
2.0 .4290 .4150 .4698 .3976 .4148 .4347 .4282 
2.5 .3881 .4149 .3633 .3801 .3899 .3881 
3.0 .3550 .3625 .3714 .3364 .3508 .3547 .3554 
3.5 .3275 .3362 .3139 .3253 .3263 .3281 
4.0 .3041 .3208 .3070 .2943 .3028 .3027 .3048 
5.0 .2664 .2828 .2617 .2610 .2654 .2656 .2670 
7.0 .2136 .2244 .2020 .2108 .2122 .2139 .2141 
10.0 .1641 .1695 .1506 .1617 .1630 .1649 .1647 
Table 9. Comparison of the Results for 
l/2(dqz/d?)c=0 
M E T H 0 D 
d/y 1 2 4 5 6 7 
0.01 .02509 .01294 .01072 .01222 .01757 .02126 
0.1 .1320 .1136 .0966 .1076 .1381 .1429 
1.0 .4444 .4890 .4769 .4746 .4357 .4435 
1.25 .4846 .5232 .5206 .5119 .4735 .4855 
1.5 .5179 .5486 .5540 .5409 .5077 .5193 
1,75 .5463 .5806 .5647 .5382 .5475 
2.0 .5710 .5850 .6024 .5852 .5653 .5718 
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The differences in the results of the various methods are 
illustrated graphically in Figures 2, 3, and 4, Figure 2 compares the 
percentage difference in slip velocity at the walls for the half-ränge 
moment method results of Gross, et al, [12] and for those of the discrete 
Ordinate method using both quadrature forms as compared with the numer-
ical calculations of Willis [26] in the Knudsen number ränge 0.1 to 1.0 
(corresponding to 1.0 < d/y < 10.0). Note that the accuracy of the 
discrete Ordinate method using the Gauss-Hermite quadrature for the 
cases N = 4 and N = 7 compares favorably with that for the second ap-
proximation for the half-ränge moment method. Although higher approxi-
mations for the half-ränge moment method should result in greater 
accuracy, this can only be done at the expense of much more computational 
effort since each case must be treated separately. On the other hand, 
the cases for various values of N using the discrete ordinate method 
were obtained from a Single Computer program, the only changes involved 
being different input values for the roots and weighting coefficients 
for each new value of N. 
When the modified quadrature is used, the percentage difference in 
these results and those of Willis is less than 0.1 per cent over this 
ränge of Knudsen numbers. It should be noted that Willis estimates the 
accuracy of his numerical calculation to be correct to within 0.2 per 
cent of the exact value, so that within the possible error of those 
answers the discrete ordinate method with modified quadrature for 
N = 4 and 7 gives the same results as the numerical Solution. 
The results of the shear stress ratio are compared in Figure 3» 
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from the line of zero error. 
Comparison of the Percentage Error in the Slip 
















Figure 3. Comparison of the Percentage Error 
in the Shear Stress Ratio as Computed 
by Several Different Methods. 
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.Or-
Figure 4. Comparison of the Percentage Error in the Difference 
Between the Continuum Limit for the Velocity Slope 
at the Centerline and the Value of this Quantity for 
Rarefied Gases as Computed by Several Different Methods. 
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ture yields answers which agree with the numerical Solution to within the 
accuracy estimated by Willis. Figure 4 gives a comparison of the veloc-
ity slope at the centerline. Although here the percentage difference is 
noticeable, the discrete Ordinate method when used with the modified 
quadrature is superior to any of the other analytical methods. 
An important point to note is that the results obtained with the 
discrete ordinate method depart from those of the Iteration technique 
in near free molecular flow. As discussed in Chapter III, this is due 
to the fact that the perturbed distribution function, after the first 
Iteration on the free molecular Solution, depends upon the evaluation 
of the integral 
00 9 
F(A) = J e dfi 
o 
The near free molecular flow case corresponds to small A and the 
discrete ordinate method, although giving the exact result in the 
limit A = 0, has its greatest error over regions of extremely small A. 
This fact is illustrated in Figures 5 and 6 where the results for F(A) 
using this method are compared with the numerical Solution for small A 
given by Willis [4]. The improvement of the modified quadrature over 
the Gauss-Hermite Solution is quite evident in these figures. 
The Solution for the perturbed distribution function itself is 
illustrated in Figures 7 and 8 where the ¥ distribution function is 
± 
plotted for conditions at the bottom plate and the ¥ functions are 
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Figure 7. The Point-Function Description of the Perturbed Distribution 
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,+ Figure 8. The Point-Function Description of the Perturbed Distribution Functions, ¥' and 
¥" at the Centerline Between the Plates as the Inverse Knudsen Number Varies. -P 
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N = 7. These figures indicate how the distribution function develops as 
the gas proceeds from a very rarefied to a near continuum condition. 
It is interesting to compare the discrete Ordinate Solution for 
the perturbed distribution function in near free molecular flow to the 
Solution obtained by using the iteration method with the free molecular 
collisionless Solution as the zeroth iteration. The first iteration 
Solution, given by Equation (4.19) of Willis [4], is 
± _ " M 1 Ü/Cx (50) 
<F = + e M l X 
+ 
Table 10 compares these values for ¥ at the appropriate discrete veloc-
ity ordinates for c with the values obtained using the discrete Ordi-
nate method with modified quadrature for N = 7, The inverse Knudsen 
numbers considered are d/y = 0.01, 0.1, and 1.0; and £ is evaluated at 
the centerline between the plates so that £ = 0. Although the macro-
scopic properties differ slightly from those obtained by Willis for the 
lowest value of Knudsen number (see Tables 5, 7, and 9), it can be seen 
from Table 10 that the agreement with the perturbed distribution func-
tion itself is excellent. In fact, the average percentage difference for 
the seven points is only 0.017. This indicates that there is little 
error incurred by replacing the integro-differential equation by the 
System of linear ordinary differential equations. Thus, any inaccura-
cies in the flow properties in the extremely rarefied cases (d/y < 0.01) 
must be due almost entirely to replacing the velocity moment integra-
tions by the quadrature in Equations (45) and (46). 
Since the accuracy of the discrete ordinate method increases with 
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Table 10. The Absolute Values of the Perturbed 
Distribution Function at the Center Line 
y./w d/y = 0.01 d/y = 0.1 d/y = 1.0 
A* B*ft A B A B 
^/w .924527 .925319 .456244 .490533 .000391 .057010 
¥2/w .984409 .984574 .854587 .864859 .207760 .343504 
Vw .993119 .993193 .933286 .938071 .501359 .603174 
\/w .995970 .996012 .960420 .963272 .667745 .739345 
^5/w .997284 .997313 .973170 .975107 .761877 .814447 
V* .998027 .998048 .980443 .981857 .820774 .860877 
^/w .998519 .998535 .985288 .986353 .862244 .893341 
Average difference is 0.017 per cent for d/y = 0.01. 
"A corresponds to results obtained using the iteration method 
with the zeroth iteration being the free molecular Solution. 
**B corresponds to the Solution of the perturbed distribution 
function using the modified quadrature in the discrete ordinate method 
for N = 7. 
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increasing d/y while that of the first iteration on the free molecular 
Solution decreases, such a comparison as Table 10 may be useful in 
determining just how far a Single iteration may be accurately carried 
out» 
Finally, in order to demonstrate that the discrete ordinate 
method can yield aecurate Solutions well toward the continuum flow 
regime, the slip velocity, shear stress ratio, and velocity slope at 
the centerline are tabulated for N = 3 and values of d/y from 20 to 50 
in Table 11. Since the convergence of the method is quite rapid in 
the slip flow regime,values of N as low as two or three give quite good 
results for large values of d/y. 
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Table 11. Results for the Flow Quantities for Large 
d/y Using the Discrete Ordinate Method 
with Modified Quadrature, N = 3 
d/y q U=l/2)/(w/2) P /P l/2(dq /d£)r ^•z xz xz_ ^z £= 
r .m. 
20.0 .9348 .08044 .9079 
30.0 .9558 .05533 .9365 
40.0 .9664 .04217 .9516 
50.0 .9728 .03406 .9609 
1.0000 0 1.0000 
53 
CHAPTER V 
FL1LLY DEVELOPED CHANNEL FLOW 
Definition of the Problem 
The problem of fully developed flow between two infinite parallel 
plates offers another convenient test of the method of discrete ordi-
nates. The geometry and coordinate system of this problem are shown in 
Figure 9. Experimentally, it has been observed that there is a minimum 
in the volume flow rate of the gas in the transition regime when plotted 
versus inverse Knudsen number. This has been indicated in the experi-
mental results of Knudsen [29], Gaede [30], Rasmussen [31], and Dong 
[32]„ However, there was no rigorous proof of the minimum flow rate at 
that time. In 1960 Takao [33] solved the Boltzmann equation with the 
BGK model and obtained a minimum in the volume flow rate for this prob-
lem; however, his Solution was based on some unjustified physical and 
mathematical assumptions. Ziering [34] in 1960 solved this same problem 
by using the integral and half-ränge moment methods; unfortunately, his 
Solution did not exhibit the desired minimum because he omitted a term 
in the Boltzmann equation. 
Cercignani and Daneri [7] numerically solved the linearized 
Boltzmann equation with the BGK model in 1962 and obtained a minimum in 
the volume flow rate at an inverse Knudsen number very close to one. 
Stoy [5] and Huang and Stoy [6] applied the half-ränge moment method to 
this-problem, obtained the desired minimum, and made a detailed study 
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Figure 9. Geometry and Coordinate System for the 
Problem of Fully Developed Channel Flow. 
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of three different molecular modeis for the collision term in the 
Boltzmann equation--the BGK, hard sphere, and Maxwellian modeis. 
In this chapter the discrete ordinate method is applied to this 
problem of fully developed flow between two infinitely long parallel 
plates with a constant pressure gradient in the z-direction, and the 
results are compared with the numerical Solution of Cercignani and 
Daneri and with the analytical Solution of Huang and Stoy using the 
half-ränge moment method. 
Solution of the Governing Equation for Fully 
Developed Flow Between Two Parallel Plates 
General Solution 
It is assumed: (1) the flow is incompressible and isothermal, 
(2) the mass velocity profile is constant in the z-direction, and (3) 
the pressure gradient is constant. Thus, the linearized Boltzmann 
equation may be applied to the problem. Under the perturbation assump-
tion that 
f* = f [1 + $*] (51) 
o 
where 
, D3 -3/2 -c
2 
f = n 3 IT e o o o 
and 
n = P /kT = P.(l + Kz)/kT 
O O O 1 O 
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the linearized Boltzmann equation becomes (see Huang and Stoy [6]) 
3$ $ _ 2 
< c
z
 + c x ä 7 + 7 = ~W2CZ 
V17T 
c <Pe d e 
z 
(52) 
The < is a constant which is proportional to the pressure gradient 
(assumed to be constant) and P. is a reference pressure upstreanu 
Assuming compietely diffuse reflection from the surfaces, the boundary 
conditions are 
f" (x = +d/2,cx) = f0(z,c)i 
1 * sign c 
(53) 
where 
sign cx = i 
+ 1 , c > 0 
x 
- 1 , c < 0 
X 
Again the relation $ (x,e ) = c ¥ (x,c ) satisfies the equation 
exactly so that the governing form is 
- _, y 3* 
n + T c 
d x 3? /TT 
oo - c o -c 
/ e X V+dc + / e • X f de 
J X J X 
(54) 
where E, = x/d and n = KV . Note that Equation (54) is the same as that 
governing the Couette flow problem with the exception of the constant 
term r\. Thus, some of the work done in solving for the Couette flow 
case may be utilized here. First, the integral is replaced by a quadra-
ture to yield 
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UT ± IN 
±^a ~=-V~+ — l HAT. + Y.) 
d K d£ K /— ^ 1 1 1 
VT\ 1 = 1 
(55) 
This represents a System of 2N simultaneous, first-order, nonhomogeneous, 
+ 
linear, ordinary differential equations in the 2N unknowns V for 
K = 1,2,...,N. Since the nonhomogeneous term is a constant and since the 
2 
characteristic equation gives a two-fold degeneracy p = 0 , the complete 
Solution exhibits a quadratic form in addition to the N - 1 pairs of 
exponential Solutions. The details for solving this system are carried 
out in Appendix B. The complete Solution may be written in the form 
Y , N-l 
^,± l 
n /-rr j = 1 
c. 
1 + vr\7 a 
3 < 




1 - VT\ . a 
3 K 
d 2 2 
+ ( V r (56) 
and 
+ (S - 2a - ) £ + ( - 1 + 2a2 - ̂  a S + T) 
K y K d K 
¥ . N-l 
K _ _1_ y 
n = AT 1=1 1 - /ru a 
: < 
P j c 
e J + 
- P j c 
1 + /n . a 
2 2 
+ (-) K (57) 
y 
+ (S + 2a - K + (- 1 + 2a + •=- a S + T) 
K y K d K 
The boundary conditions may be linearized to the relations 
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^ U = + 1/2) = 0 , K = 1,2,...,N 
and are applied to Equations (56) and (57) in order to determine the 
constants C , D., S, and T. Due to the condition of symmetry of the 
problem, it may be shown from the resulting relations that C. = D. and 
S = 0 so that the Solution to Equation (55) may be written as 
V n N - l ,. 
-T =— I C. 
n /TT j = i 
V - P j c 
1 + / r\ . a 1 - vr\. a 
3 < 1 K 
( 5 8 ) 
and 
+ ( - ) V - 2oc - E, + (- 1 + 2a2 + T) 
Vi K: VI K 
¥ . N - l 
-T=— l C 
n /n" i = l 
p i 5 ; p i 5 
1 - /nT a 1 + /r\T a 
( 5 9 ) 
+ ( - ) V + 2a - C + (- 1 + 2a2 + T) 
]i K ]i K 




- I c. 
/IT i=i ] 
-p/2 P./2 
1 + /n. aK 1 - YT\7 OL 
: K 
+ T = (60) 
1 rd\ d n 2 
1 - — (—) - a — - 2a 
4 y K y K 
which result when the boundary conditions are appliedo The p. and n. 
are again determined from the characteristic equation 
I H. 




and the relation n = (— p) 
d 
Computation of the Volume Flow Rate 
Applying the quadrature technique to the velocity moment Integra-
tion gives the form 
q (O 9 N N-l „ cosh(p.C) n , 9 0 
-v- =f s ;/ic3-—w^v + f: 
n i = l ]=1 1 - n_.a 
(61) 
: i 
The volume flow rate Q is obtained by integrating the velocity profile 
over the height of the Channel and then dividing by this height and unit 
width to convert the quantity to volume flow rate per unit areaD In 
order to compare directly with Cercignani's results the volume flow rate 
is then nondimensionalized by K/2. Thus, the expression for the non-
dimensional volume flow rate is 
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Q = - ^ — = 2 £ ä 
(Kd/2) Q Tl 
or 
N N-l _ sinh(p./2) 2 
5 = f .X 2 HiCj n
 3 2, + fW> + T (52) 
1=1 ]=1 p (1 - n.a..) 
It is this relation which is compared to the results of Cercignani and of 
Huang and Stoy in the following discussions. Computational procedures 
for this problem are very similar to those for the Couette problem of 
Chapter IV. Both the Gauss-Hermite and the modified quadratures were 
used and inverse Knudsen numbers ranged from 0.01 to 20.0. Values of N 
used were N = 4 and 8 for the Gauss-Hermite case and N = 2 through 7 for 
the modified quadrature. The perturbed distribution function, velocity 
profile, and volume flow rate were all computed; however, only the 
results for the velocity profile and the volume flow rate are presented 
here. 
Results 
The results obtained by applying the discrete ordinate method to 
this problem are compared with the numerical Solution by Cercignani and 
Daneri and with the Solution by the half-ränge moment method of Huang 
and Stoy. Figure 10 gives a comparison of the discrete ordinate results 
using the Gauss-Hermite (N = 4 and N = 8) and modified quadratures 
(N = 4 and N = 7). Note that there is no minimum in the volume flow 
rate even for the high order approximation N = 8 using the Gauss-Hermite 
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Numerical results of Cercignani 
and Daneri [7] 
Discrete ordinate method, 
modified Gauss quadrature 
N = 4 
± J • • t i i n l i I i I i i l ll I I I I M l l 
0.01 0.1 1.0 
Inverse Knudsen Number, d/y 
10.0 
Figure 10. Solution for the Volume Flow Rate Using the Discrete 
Ordinate Method Compared with the Numerical Results 
of Cercignani and Daneri. 
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quadrature0 However, the modified quadrature yields a well-defined 
minimum for N = 4- and the results for N = 7 extend accurately well into 
the near free molecular flow regime. It is important to note that the 
trend of the volume flow rate toward infinity as d/y approaches zero is 
not predicted by the discrete ordinate method or by the moment method 
as will be seen in the next figure. Physically, this behavior of the 
volume flow rate toward infinity is incorrect; it should actually 
approach some limiting value as experiments indicate. Mathematically, 
however, this behavior does satisfy Equation (52) as is evidenced both 
by the numerical results and by an earlier iteration argument of 
Cercignani [35]. This is due to the fact that the important assumption 
that the mass velocity profile is constant in the z-direction becomes 
questionable at the low densities. It is feit that if the two dimen-
sional problems were considered (i.e. include the z-dependence in the ¥ 
function), a finite limit for Q would be obtained as the inverse Knudsen 
number approaches zero« This problem is being investigated (see Huang 
and Stoy [6]). Despite this physical evidence, it is seen mathematically 
that it is necessary to go to higher values of N in order to obtain 
accurate Solutions to Equation (52) in extremely rarefied flows (cor-
responding to d/y < 0.01). 
Figure 11 gives the results of the volume flow rate for the modi-
fied quadrature for N = 2 through 7. The second and third half-ränge 
moment approximations yield results which fall exactly on the curves 
reported for the modified quadrature with N = 2 and 3. The results for 
the moment method are taken from Stoy [5]. Reference to Stoy's thesis 
or to the paper by Huang and Stoy [6] indicates that a considerable 
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Numerical Solution of 
Cercignani and Daneri 
Discrete ordinate method, 
modified Gauss quadrature 
Note: The curves for N = 2 and N = 3 
coincide with those for the second 
and third half-ränge moment approxi-
mations. 
' ' » ' " » » "•! i I i i i i n l 1 
0.01 0.1 1.0 
Inverse Knudsen Number, d/u 
10.0 
Figure 11. The Volume Flow Rate Using the Discrete Ordinate 
Method with Modified Quadrature Compared with 
the Numerical Results of Cercignani and Daneri 
and with the Analytic Results of Huang and Stoy. 
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amount of work is involved in obtaining the third moment approximation, 
and to try to obtain higher approximations requires considerably more 
effort since the method does not appear to lend itself to a general 
Solution for an arbitrary order of approximation. These particular 
curves in Figure 11 point out the time saving advantages of the discrete 
ordinate method. 
It may also be seen in this figure that for d/u > 4-„0 the results 
for N > 2 with the modified quadrature and those for the second and 
third half-ränge moment approximations all give good agreement with the 
numerical Solution of Cercignani. This is indicative of the rapid con-
vergence of the quadrature and moment methods in the slip flow regime„ 
Some of the results of the calculations of volume flow rate using the 
modified quadrature method are recorded in Table 12 along with the 
values reported by Cercignani and Daneri, 
It is interesting to note the development of the velocity pro-
files as the Knudsen number varies. Figure 12 illustrates several of 
these, indicating the changes as the gas proceeds from a near free 
molecular State to a near continuum onee For small d/y the shape of 
the profile is nearly flat. As the mean free path decreases, this 
shape develops toward the parabolic form typical of continuum flow. 
The slip velocity at the wall decreases since more intermolecular col-
lisions are taking place close to the surface. 
Finally, it can be concluded that according to the discrete Ordi-
nate method general Solutions of Equation (55) can readily be found. It 
is expected that the numerical results can be obtained to any desired 
degree of accuracy by increasing the number of discrete ordinates. 
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Figure 12. Variation of the Velocity Profile Across the 




TRANSIENT DEVELOPMENT OF COUETTE FLOW BETWEEN PARALLEL PLATES 
Background of the Problem 
The problem of describing the transient development of the flow 
between two parallel plates which are accelerated in opposite directions 
from rest to some constant velocity has been solved only for the case of 
continuum flow. This may easily be done by assuming an impulsive accel-
eration and then finding a corresponding time dependent Solution to the 
Navier-Stokes equations. For example, this is done in Schlichting [36]. 
This problem has not previously been approached from the kinetic theory 
viewpoint, although it offers an interesting and convenient geometry on 
which to test any new techniques for solving the time dependent Boltz-
mann equation. 
A study of this problem by the method of discrete ordinates not 
only serves as an application of the method to a time dependent problem, 
but it also contributes to a thorough understanding of the physical 
phenomena bccurring during the time from which the fluid is initially 
disturbed until it reaches a steady State conditionr, Examining this 
transient behavior from the kinetic theory approach gives a clear 
picture of how the molecules are initially disturbed, propagate their 
disturbances to other particles in the flow field, and finally, through 
the collilsional process, come to a statistically steady distribution. 
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The Unsteady Linearized Equation 
Solution for Very Small Time 
If the time after the initial disturbance of the boundaries is 
very small compared to the collision time of the gas molecules, then 
the problem may be treated as a free molecular flow case. This is due 
to the fact that there has been insufficient time for a significant 
number of collisions to occur, and the transport phenomena are a diffu-
sive rather than a collisional process. 
The Boltzmann equation for this case is 
3f~ Bf* 
_ _ + v -i_ = o (63) 
dt X dX 
+ 
where the notation f signifies the two-stream character of the 
distribution function. For the case of impulsively accelerating the 
plates with velocities ±w/2, this problem is readily solved by the 
method of Laplace transforms. However, since the discrete ordinate 
method is to be applied in this research to the linearized form of 
the Boltzmann equation, attention will be turned to the Solution of 
the equation 
9^+ W* n ,r. x 
1 + c = 0 (64) 
dT, X 8x 
with the linearized boundary conditions ¥ (x = +d/29T.) = +w and initial 
± , _ ± 
conditions V (x ̂  +d/29T,= 0) = 0. Here, V is defined in Equatic .on 
(19) and T = t/3 which has the dimension of distance. 
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Equation (64) is solved in detail in Appendix C. For the case of 
impulsive acceleration the resulting Solution is 
Y+(x,Tl) = < 
0 for x > xnc - d/2 , c > 0 l x x 
-w for x < xnc - d/2 , c > 0 1 x x 
(65) 
V (x,^) = { 
0 for x < d/2 + xnc , c < 0 
1 x x 
+w for x > d/2 + T.C , c < 0 
1 x x 
Note that this Solution represents a step-like propagation of the 
perturbed distribution function with the nondimensional velocity c and 
the magnitude w, so that this is a discontinuous function. However, the 
macroscopic properties are all continuous since they are formed by inte-
grations over velocity space. For example, the flow velocity is given 
by 
q (X,T1) 
z ' 1 2v^T 
-c o -c 
^+(x,Tn)dc + / e
 X ¥ (x,xn)dc 1 x J 1 : 
(66) 
so that, from Appendix C, 
qz ( x' Tl } 
(w/2) 
,- ,d/2 - Xv ,. .d/2 + x. erfc ( ) - erfc (— ) (67) 
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where T, = t/ß. These results are illustrated in Figure 13» It is seen 
that the velocity at the top plate remains at the initial value of 
q /(w/2) = 1/2 until the stream of molecules from the bottom plate, 
which has a net macroscopic velocity in the opposite direction, has had 
time to diffuse across the Channel and affect the flow velocity at the 
upper walle If the flow is in a truly free molecular State, this 
process will continue until the flow velocities of the opposing streams 
have had time to exactly cancel each other leaving a net velocity of 
zeroc If, however, the gas is of sufficient density for collisions to 
occur between the opposing streams, the Solutions presented in Equations 
(65) and (67) are valid only for a length of time somewhat less than the 
collision time of the gas molecules. If Equation (64) is multiplied by 
y, the mean free path, then it may be written as 
9 ^ dV* + c = 0 
9T 9X 
where x = x/y is the ratio of actual length to mean free path and 
T = t/ßy is the ratio of true time to the collision time. Hence, for 
finite values of y, Equations (65) and (66) may be applied for T < 1 
or x < 1. 
Solution by Discrete Ordinates 
In Chapter II the discrete ordinate method was applied to the 
linearized, time dependent Boltzmann equation with the resulting form 
being 
Nondimensional Position Between the Plates, £ = x/d 
Figure 13. Analytic Solution for the Time Dependent Velocity Profile Development 
for Free Molecular Flow of the Transient Couette Problem with Impulsive 
Acceleration of the Plates. 
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8V 9V + N _ 
_ ü ± a _JL = B£ [_Y- + - i - 5; H . (YT + v . ) ] (17) 
8 t K 8x ö K /— . ^ n 1 1 1 
/TT 1 = 1 
Letting y = a/nß and £ - x/d as before, this equation may be written as 
W dV ± N 
^ ± a T T Ü = 1 [ - Y - + - L £ H.Ĉ T + ¥.)] (68) 
8x K 8£ u K /— .L,n 1 1 1 
VIT 1 = 1 
where x = t/$d is the ratio of actual time to the average time required 
for a molecule to traverse the distance between the plates. The bound-
ary conditions for accelerating the plates impulsively are 
V"(£ = +1/2,x) = +w ; K = 1,2,...,N (69) 
while the initial conditions describing the requirement that the gas is 
at rest in Maxwellian equilibrium before the motion Starts are 
y*(£ =f +1/2,x = 0) = 0 ; K = 1,2,...,N (70) 
From the experience gained in the Solution of steady Couette flow 
it is known that in order to achieve accurate results, N (the number of 
discrete points) must be two or larger. This means that the problem is 
now represented by a linear System of homogeneous, first order, partial 
differential equations which are coupled by the summation term in each 
relation. Since it is quite difficult to obtain an analytic Solution 
for such a problem, this System of differential equations was transformed 
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into a set of finite difference equations. A von Neumann stability 
analysis [37] indicated that it was possible to use an explicit, forward 
difference scheine in time and an implicit, central difference scheme in 
spacec This is demonstrated in Appendix De Thus, the difference forms 
are 
av vn+±(i) - r\i) 
- - * • - - - - * ( 7 1 ) 
dT
 6T 
3Y Yn (i+1) - Y (i-1) 
_ £ = _J£ _ (72) 
9? 2h 
where 6T and h are the time and space finite difference steps, and 
n Ä * * 
¥ (i) represents the value of the function ¥ ( 5 , T ) at time step n and 
K K. 
space step i. Thus, the System of difference equations becomes 
n+l A ± n *> * n+l Ä ± n+l Ä ± 
V
n + 1 ( i ) - yn(i) 4'n+1(i+l) - 4'n+1(i-l) 
K K . K K f T Q \ 
± a _____ (.73) 
6T
 K 2h 
A. N ^ ^ 
= - {-Ai) 1 + — l H.[Y?(i)+ + ̂ (i)"]} for K = 1,2,...,N. 
/TT 1 = 1 
Results 
The System of Equations (73) was solved on the Burroughs B-5500 
digital Computer for various values of d/y with N = 4 and N = 7 using 
the modified quadrature. Figures 14 through 17 report typical results 
TRANSIENT COUETTE FLOW, d/y =20.0 
Nondimensional Position Between the Plates, £ = x/d 
Figure 14. Transient Development of the Velocity Profile in Couette Flow for Impulsive 
Acceleration of the Plates, d/y =20.0 and N = 4. 
-ir 
Figure 15. Transient Development of the Velocity Profile in Couette Flow for Impulsive 
Acceleration of the Plates, d/y = 5.0 and N = 4. 
TRANSIENT COUETTE FLOW, d/y = 2.0 
Impulsive acceleration of the plates 
Modified quadrature, N = 4 
.4- -
.1 .2 .3 .4 
Nondimensional Position Between the Plates, £ = x/d 
Figure 16. Transient Development of the Velocity Profile in Couette Flow for 
Impulsive Acceleration of the Plates, d/y = 2.0 and N = 4. 
Nondimensional Position Between the Plates, £ = x/d 
Figure 17. Transient Development of the Velocity Profile in Couette Flow for 
Impulsive Acceleration of the Plates, d/y = 1.0 and N = 4. 
<i 
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of these calculations for N = M-. The graphs for the cases d/y = 5.0 
and 20.0 exhibit characteristics which might be expected from physical 
intuition; that is, the velocity of the gas Starts out at its initial 
condition and increases with time, asymptotically approaching the 
steady State Solution. These results were obtained using forty space 
Steps across the Channel and a time increment of 6T = 0.005. Conver-
gence of the Solution to a unique set of values was checked by running 
cases with 100 space Steps and 6T = 0.002. 
It will be noted that for this case of impulsively accelerating 
the plates, the curves for d/y = 1.0 and 2.0 take on an irregulär shape. 
This is due to the appearance of numerical errors for d/y < 2.0, and 
Figure 18 demonstrates the difficulties encountered. In this figure the 
Solutions for d/y = 2.0 at time T = 0.5 are compared using two different 
grid sizes. Note that the different Solutions do not converge to the 
same values. The reason for this is that with the impulsive accelera-
tion, the distribution function is propagated as a step function in the 
free molecular limit as shown by Equation (65). When the discrete 
+ _ 
ordinate method is applied, ¥ = +w is propagated as N step functions, 
each moving with a different value of c corresponding to the N discrete 
velocity ordinates. This step function character of the Solution is 
quite difficult to handle with the finite difference method since there 
is an infinite derivative at the point of discontinuity forming the 
step. When the infinite derivative occurs, it is necessary to go to 
extremely small step sizes to approximate this behavior; and this can 
lead to excess time and storage problems on a Computer. Also, there is 
the possibility that the smaller step sizes, although approximating the 
TRANSIENT COUETTE FLOW, d/y = 2.0 
Impulsive acceleration of the plates 
Modified quadrature, N = 4-
Numerical Solution at x = 0.5 with 
h = 0.025 and 6x = 0.005 
• • Numerical Solution at x = 0.5 
with h = 0.01 and •. 
. 6x = 0.002 
2 -
x = 0.5 
J_ J. -L J. ± I 
.5 .1 .2 .3 
Nondimensional Position Between the Plates, £ = x/d 
.4 
Figure 18. Comparison of the Velocity Profile Development in Couette Flow Using Two 
Different Step Sizes in the Numerical Solution, d/y = 2.0 and N = 4. 
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derivative at the step adequately, may not allow the rapid changes in 
this derivative which are necessary to carry the slope from its infinite 
value at the step discontinuity to the zero value immediately on either 
side of this point. This perhaps could be overcome by some procedure 
to manually correct the slope on either side of the discontinuity. 
Thus, these numerical difficulties coupled with the Computer 
time and storage problems appear when the gas approaches a free molec-
ular state. This condition not only applies when the inverse Knudsen 
number is small (d/y < 2), but it is also present for flows with larger 
values of d/y if the ratios of distance to mean free path or of time to 
collision time are much less than unity. As a result of these diffi-
culties when the finite difference method was applied to the problem 
with an impulsive acceleration, the numerical results cannot be expected 
to be quantitatively accurate for extremely short times after the ini-
tial disturbance or for distances from the surface much shorter than a 
mean free path. 
In spite of these limitations, the results obtained in Figures 
14 through 17 may be quite useful in some circumstances. An example of 
this is a Situation in which it is desired to find flow characteristics 
at distances greater than a mean free path or so away from a surface. 
In such cases the numerical shortcomings near the wall have little 
effect on the Solution several mean free paths away. Evidence of this 
fact is given by the success of the füll ränge moment methods when 
applied to slip flow and near continuum flow problems, i.e. see Gross 
and Jackson [12]. These results show that the microscopic effects of 
the boundaries in Couette flow are confined to within several mean free 
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paths of the surface and have little influence on the majority of the 
gas if d/p is five or larger. 
The entire problem discussed above may be avoided, however, by 
allowing the surfaces to accelerate continuously from rest up to some 
fixed velocity with a proper acceleration function. This avoids the 
large initial step of the impulsive acceleration and allows the Solution 
by finite differences to be applicable to much lower values of inverse 
Knudsen number0 In addition, this Situation is much more realistic than 
that of an impulsive acceleration. 
Following this principle,several calculations were made for the 
case where the plates are accelerated from rest up to the velocities 
±w/2 by using a constant acceleration so that the plate velocity is 
given by 
/ 
q zU = ±1/2,T) = { 
*wx/2 for 0 < T < 1 
(74) 
*w/2 for T > 1 
The free molecular case corresponding to these conditions may be solved 
analytically for 0 < x < 1 as indicated in Appendix C. The Solution for 
the flow velocity for free molecular flow is 
/"TT 
(U^iZl, Ei^LÜ/l)2].* (M2-=Ĵ ) Ei[-(i^-^)2]} 
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This Solution for 0 < T < 1 may be used as a check on the compu-
tations for small T in order to determine if the numerical scheine is 
adequate in the near free molecular flow region. 
The numerical calculations with the new conditions described by 
Equation (74) were performed for values of d/y ranging from 20.0 down to 
0.1, and the results are reported in Figures 19 through 22. The curves 
for d/y = 2.0 and 20.0 behave as expected in that the velocity Starts 
from zero and increases, asymptotically approaching the steady state 
condition. The time required for convergence is essentially T < 5.0. 
Figures 21 and 22 show a more radical behavior for the velocity 
development. This is not due to numerical difficulties in this case, 
however, as was verified by examining Solutions using different grid 
sizes, There is an interesting physical reason for this behavior which 
may be explained from the molecular viewpoint. As the surface begins 
to accelerate, the flow velocity adjacent to it is governed almost 
entirely by the molecules which are emitted from that surface. Thus, 
since there are at first few gas-gas collisions, there is essentially a 
"half-slip" between the flow immediately next to the wall and the motion 
of the wall itself when the time is much less than the mean collision 
time of the gas. That is, the velocity of the gas at £ = ±1/2 is 
essentially 
q (C = ±l/2, T « 1 ) 
— = ± 1/2 
w/2 
This Situation will continue until either (i) there are collisions with 
1.0 
TRANSIENT COUETTE FLOW, d/y =20.0 
Nondimensional Position Between the Plates, £ = x/d 
Figure 19. Transient Development of the Velocity Profile in Couette Flow for Constant 
Acceleration of the Plates, d/y = 20.0 and N = 4. 
CD 
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TRANSIENT COUETTE FLOW, d/y = 2.0 
Constant acceleration of the plates 
Modified quadrature, N = 4 
Steady State, x 
1 .2 .3 .4 
Nondimensional Position Between the Plates, £ = x/d 
.5 
Figure 20. Transient Development of the Velocity Profile in Couette Flow for Constant 
Acceleration of the Plates, d/y = 2.0 and N = 4. 
Figure 21. Transient Development of the Velocity Profile in Couette Flow for Constant 
Acceleration of the Plates, d/u = 1.0 and N = M-. 
.5r 
TRANSIENT COUETTE FLOW, d/y =0.1 
Nondimensional Position Between the Plates, £ = x/d 
Figure 22. Transient Development of the Velocity Profile in Couette Flow for Constant 
Acceleration of the Plates, d/y = 0.1 and N = 4-. 
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the other gas molecules away from the surface, or (ii) the stream of 
molecules leaving the opposite wall arrives to statistically counter 
this effecto This is best illustrated by the velocity development for 
the strictly free molecular case in which no gas-gas collisions occur 
as was discussed in a previous section (see Figure 13). The cases for 
d/y < 1.0 are analogous to this in that it takes an appreciable amount 
of time for (i) and (ii) above to occur» Thus, the flow velocity at 
the surface Starts from rest9 increases at one-half the rate of increase 
of the surface speed, "overshoots" its steady State value, and then 
finally settles down to the asymptotic Solution as the effects of gas-
gas collisions and of molecules arriving from the opposite wall are 
experienced. 
A check of different grid sizes gave assurance that the con-
vergence of the numerical Solution was good down to an inverse Knudsen 
number of O.lo Computer time required to essentially reäch the steady 
State Solution varied from several minutes for high values of d/y up 
to approximately 30 minutes for d/y = Od for the case N = 4. Grid 
sizes for the reported Solutions are 40 steps across the Channel 
(h = 0o025) and 6x = 0.005. To check convergence of the Solutions the 
values h = 0.01 and 6x = 0.002 were used. 
Several cases were run with N = 7 using both the impulsive 
acceleration and the constant acceleration conditions. The results were 
similar to those for N = 4 and some of these calculations are reported 
in Figures 23 and 24. Again, accuracy of the Solutions illustrated in 
these figures was checked by using a finer grid size9 and the Solutions 
always converged to the steady State results. 
0 .1 # .2 .3 .4 .5 
Nondimensional Position Between the Plates, B, = x/d 
Figure 23. Transient Development of the Velocity Profile in Couette Flow for Constant 
Acceleration of the Plates, d/y = 5.0 and N = 7. 
00 
CD 
Figure 24. Transient Development of the Velocity Profile in Couette Flow for 
Constant Acceleration of the Plates, d/y = 1.0 and N = 7. 
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Since there has been no other work on the time dependent develop-
ment of Couette flow from the kinetic theory viewpoint, there are no 
results with which the present theory may be compared during much of 
the transient period. However, the results for extremely long times and 
for extremely short times may be checked with the analytic steady State 
and free molecular time dependent Solutions, respectively. As indicated 
in each of the previous figures discussed, the numerical results always 
converged to the steady State Solution so that this serves as one check 
on the calculations. For very short times the numerical Solution is 
compared with the analytic free molecular Solutions of Appendix C in 
Figures 25 and 26» The case for impulsive acceleration with N = 4 and 
d/y = 5.0 is examined at T = 0,1 in Figure 25. This corresponds to a 
ratio of true time to collision time of one half. Note that, in view 
of the previous remarks on the accuracy of the impulsive acceleration 
Solutions for extremely short times, the comparison is quite good° The 
case for constant acceleration using N = 7 and d/y = 1.0 at T = 0.5 is 
presented in Figure 26. This corresponds to a true time to collision 


























TRANSIENT COUETTE FLOW 




Analytic Solution for free 
molecular flow at T = 0.1 
Numerical Solution for d/u 
at T = 0.1, using modified 
quadrature with N = M-
o y .3 .4 
Nondimensional Position Between Plates, £ 
.5 
x/d 
Figure 25. Comparison of Numerical Results for Small Time 
with the Analytic Free Molecular Solution for 
the Transient Development of the Velocity 
Profile in Couette Flow with Impulsive 
Acceleration of the Plates. 
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TRANSIENT COUETTE FLOW 
(Constant Acceleration of Plates) 
Analytic Solution for free molecular 
flow at x = 0.5 
Numerical Solution for d/u = 1.0 at 
x = 0.5, using modified quadrature 






.1 .2 .3 .4 
Nondimensional Position Between Plates, £ = x/d 
Figure 26. Comparison of Numerical Results for Small Time with 
the Analytic Free Molecular Solution for the Transient 
Development of the Velocity Profile in Couette Flow 
with Constant Acceleration of the Plates. 
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CHAPTER VII 
RAYLEIGH'S PROBLEM—THE ACCELERATION 
OF AN INFINITE PLATE IN ITS OWN PLANE 
Previous Work on the Problem 
When an infinite plate is accelerated in its own plane, the dis-
turbance is first feit in the gas adjacent to the surface and then is 
propagated into the main portion of the stream until finally, as time 
approaches infinity, the entire gas has experienced this disturbance. 
The geometry and coordinate System for this problem were shown in Figure 
lc Although this is usually referred to as Rayleigh's problem, 
Schlichting [36] indicates that it was first solved by Stokes [38] for 
the case of continuum flow under the condition of an impulsive accelera-
tion. Several authorsr have approached this problem for rarefied gases 
from the kinetic theory viewpoint. Yang and Lees [2] presented a Solu-
tion in 1956 based on Grad's 13 moment equations. This method proved 
unsatisfactory, however, in that the free molecular limit--which cor-
responds to the small time conditions regardless of Knudsen number--
yields a velocity which is 26 per cent too small and a shear stress 
which is 10 per cent too large. In 1960 Yang and Lees [3] applied the 
collisionless Boltzmann equation to this problem for the free molecular 
limit. In this paper they considered several cases of wall heat trans-
fer conditions and obtained velocity and temperature distributions for 
these cases. 
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Gross and Jackson [39] presented a Solution based on the second 
approximation of the half-ränge moment method in 1958 and considered 
only the limiting cases of short and long time due to the mathematical 
difficulties. However, the accuracy of the short time case in which 
results are analogous to those of near free molecular flow must be 
questioned with regard to their quantitative accuracy. Although the 
limits as time approaches zero are correct, previous comparisons in 
this dissertation and by Huang and Giddens [19] of the half-ränge moment 
method with the discrete ordinate and iteration methods indicate that 
the second approximation with half-ränge moments does not adequately 
describe the flow phenomena in the plane Couette flow problem for near 
free molecular flow. Hence, the application to the near free molecular 
portion of Rayleigh flow, which corresponds to early values of time and 
short distances away from the surface, may lead to results which are at 
best qualitative in nature. 
The Rayleigh problem was treated by Broadwell [16] in his paper 
on the discrete velocity method in 1964, and he also found asymptotic 
expressions for short and long time. The results agree qualitatively 
with those of Yang and Lees using the Grad 13 moment equations, but 
do not appear to give as accurate a Solution as that of Gross and 
Jackson« It will be shown in the next section that the application of 
the present model of discrete ordinates to the Rayleigh problem reduces 
in the lowest order approximation, N = 1, to the same governing equa-
tion as Broadwell found using his eight-cell discrete velocity model. 
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Application of the Equations to the Rayleigh Problem 
Solution for Very Small Time 
The Solution of the Rayleigh problem for the very short time 
during which the molecular collisions may be neglected is very similar 
to the corresponding Solution of the Couette flow case, with the 
exception that there is an initial disturbance of only the ¥ function. 
If the plate is impulsively accelerated with velocity w in its own 
plane, then only the equation 
8Y_ 
8T. 
+ c iL 
x 8x 
= 0 (76) 
need be considered. for the collisionless case. Here 4* is defined in 
Equation (19) and T = t/ß. The boundary condition is that 
y (X=0,T ) = 2w and the initial condition is that the remainder of the 
gas be undisturbed at T. = 0. Thus, the Solution for ¥ is 
r (X,T1) = 
2w 
for x > T,C 
1 x 
for x < T.c 
1 x 
(77) 
Integrating Equation (77) to find the flow velocity yields 
^z ( x ) 1 
- i r - = j erfc(x/Tl) 
(78) 
This Solution is used to compare with the results for extremely short 
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times when the Solutions for finite values of mean free path are 
obtained. A similar expression exists when the wall is accelerated 
with a constant acceleration for 0 < T < 1 from zero velocity to a 
velocity of w, namely, 
q ( x ) j - _ _ 2 
— = — {^-T erfc(x/T) -|Ei[-(x/ö ]} (79) 
W I £ 2. 
/TT 
where x = x/y and T = t/ßy which is the ratio of true time to the col-
lision time. Here the mean free path y is used to normalize x and T 
since Equation (78) may be applied to flows with T < 1. As indicated 
in Appendix C, Equation (79) is valid only for 0 < T < 1. 
Solution by Discrete Ordinates 
Solution for N = 1. When the discrete ordinate method is applied 
to the linearized Boltzmann Equation (17), the resulting relation is 
3Y* 3Y* N 
—£- ±a ^-S- = -±t-V + — 7 H.(Yl + f.)] (80) 
3in K 3x y < r~ . , i i i 
1 /TT 1 = 1 
for K = 1,2,...,N. For the case N = 1 this set of equations reduces 
to the pair 
3vj 3YJ H 
3 7 7 + a i 3 7 l = 7 E - * I + ^ ( , I + , I ) ] ( 8 1 ) 
1 /TT 
%V 34* H 
TT - ax * r = £ [ - T i + -p ( / i + V] (82) 
1 /TT 
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Solving for y from the first equation gives 
r- 84>j 8Y* 
*i = ^ M^+ ai inr'+ *1] - *1 <83) 
Substituting this expression into (82) and using the relation H = /rr/2 
results in the equation 
2 + 2 + + 
8 »T 8 V 8Y 
±r-± ~ ~± + ^ - ^ = 0 (84) 
q 8t 8x q 8t 
where q = a /3 and 9 = l/y3. This is the telegraph equation and is the 
same as that obtained by Broadwell using the eight-cell discrete veloc-
ity model. The Solutions to this equation have been discussed exten-
sively in [16] and are not repeated here. Thus, it is seen that the 
simplest case for the present model reduces to the Solution given by 
Broadwell. 
Solution for Arbitrary N. Based on the previous discussion, it 
is evident that in order to obtain better results with the discrete 
ordinate method, it is necessary to resort to taking higher values of N. 
Thus, the problem of solving a linear System of N partial differential 
equations again arises. Although it is difficult to obtain analytic 
expressions for the Solutions of the resulting System for N > 1, a 
simple transformation permits a numerical Solution by finite differences 
First, Equation (80) is rewritten as 
SY ay* ± N 
— ü ±a -Ji = _Y + — 7 H.(YT + O (85) 
8x 8X VTT i = l 
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Using the transformation £ = 1-e then gives 
8Y dV N 
K ±a (1 - O — — = -V1 + — y H.(Y! + Y.) (86) 
ÖT öE, /TT 1 = 1 
This transformation not only maps the infinite x distance into a unit 
region (0 < \ < 1) but it does so in a most efficient manner. That is, 
if the region 0 < % < 1 is divided into M equal steps for the purpose of 
performing a finite difference Solution, the points in actual physical 
space are quite close together in the region near the plate where 
gradients are largest and are spaced farther apart at regions away from 
the surface where there is little change in the flow properties. For 
example, using 40 steps over the interval 0 < \ < 1 results in placing 
25 grid points over a distance equal to one mean free path from the wall, 
Note that the Solution to Equation (86) may be applied to gases 
with a wide ränge of rarefaction since the quantities are in terms of 
the parameters x and x. However, since the free raolecular Solution is 
available for the cases of small x and T, there may arise certain situa-
tions in which it is not necessary to solve a problem to such a degree. 
For example, if the flow is in a State such that the mean free path is 
-4 on the order of 10- centimeters and it is desired to describe flow 
quantities 10 centimeters away from the surface, it is clear that the 
phenomena occurring within a mean free path of the wall have no great 
effect on the flow characteristics many mean free paths away due to the 
effects of the collisional process. This principle has been previously 
discussed in Chapter VI. For such cases, it is not necessary to solve 
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Equation (86) on the scale x = x/y and T = t/ßy. Rather, it is suffi-
cient to solve to some larger nondimensional distance and time scales 
such as T = t/ßk and x = x/k where k is some multiple of the mean 
free path. Thus, the parameter y is defined by 
y = ̂ " (87) 
kl 
and Equation (80) may be written as 
8 V 8* n + n N 
K . K 1 r „,* 1 
±a 
= - [-Y + — y H.(vt + ¥.)] (88) 
K /— . ij, 1 1 1 8T 8X y /TT i=l
Note that y is a pure number according to the definition of Equation 
(87). 
Again the nondimensional'normal coordinate x, is transformed 
according to £ = 1-e , resultmg in the form 
dV~ ZV ± -, N 
— ^ ±a (1 - £n) — = - E-f" + — I H.(YT + V.)] (89) 
~- K 1 "̂= - K l- . L 1 1 1 
Ö T , d^1 y •TT 1 = 1 
The same finite difference forms are next applied to this equation to 
yield the System of difference equations 
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A. ^ A. A. 
- {-Yn(i)* + — l H.[^(i)+ + ^(i)"]} (90) 
K /— .L^ 1 1 1 
U VTT 1 = 1 
If u = 1 in the above System, the resulting set of equations corresponds 
to the set which would be obtained if the finite difference technique 
were applied to Equation (86). Note that by taking u = 20 and 
h = 0.02 5, the first grid point of the difference scheme occurs at 
approximately one half of a mean free path from the surface, so that 
the scale of description in the region away from the plate will yield 
detailed results for distances on the order of a mean free path. 
Anticipating from the Couette flow results that for small values 
of x/k the impulsive acceleration may not be handled well using finite 
differences, an alternate set of boundary conditions may be formulated 
in which the wall is smoothly accelerated from rest such that the per-
turbed distribution function satisfies the conditions 
( 
v+Ü1 = o,Tl) = < 
2WT /s for 0 < T < s 
2w for T1 > 3. 
(91) 
where s is some arbitrary number. As will be indicated in the next 
section, such a smooth acceleration will allow the finite difference 
procedure to yield accurate Solutions for small values of x/k . If 
it is desired to precisely describe conditions for very small x/k ,the 
wall must be accelerated more slowly (large s, must be used) in order 
to avoid the step function type of propagation of the distribution 
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function and the accompanying numerical error. 
Results 
Equation (90) was solved numerically on the B-5500 Computer for 
several values of k and using the modified quadrature with N = M-. 
Figures 27, 28, and 29 represent typical results for the case of 
impulsively accelerating the plate. The values of k reported in these 
figures are k = 20.0, 5.0, and 1.0, respectively. It will be noted 
in Figure 29 that the numerical results for d/y =1.0 changed sig-
nificantly when a different grid size was used for the finite differ-
ences. This is the same Situation which occurred in the transient 
development of the Couette flow problem and is related to the step-like 
character of the distribution function for this scale of description. 
In order to obtain consistent numerical results down to k =1.0, 
the case of accelerating the plate with a constant acceleration was 
examined. A value of s = 1 was chosen for the parameter in Equation 
(91). This corresponds to giving the plate a constant acceleration over 
the nondimensional time interval 0 < x, < 1. Figures 30, 31, and 32 
illustrate typical results obtained using these conditions. The cases 
reported in these figures correspond to N = 4 and k = 10.0, 5.0, and 
1.0, respectively. It was found that the numerical results using two 
different grid sizes agreed for all of these cases. The slight irregu-
lär ity in the curve for k = 1.0 at x = 2.0 is due to the method of 
bringing the plate up to its final velocity. This same behavior was 
exhibited in the Couette flow curves for the case of constant plate 
acceleration. According to previous discussions on the transformation 
RAYLEIGH FLOW, k = 20.0 
Impulsive acceleration of the plate 
Modified quadrature, N = 4 
1.0 
Nondimensional Flow Velocity, q (xn)/w 
J z 1 
ure 27. Transient Development of the Velocity Profile 
in Rayleigh Flow for Impulsive Acceleration 
of the Plate, k = 20.0 and N = 4. 
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M 
X RAYLEIGH FLOW, k = 5.0 
Impulsive acceleration of the plate 
Modified quadrature, N = 4 
1.0 
Nondimensional Flow Velocity, q (x )/w 
z 1 
Figure 28. Transient Development of the Velocity 
Profile in Rayleigh Flow for Impulsive 
Acceleration of the Plate, k = 5.0 and 
N = 4. 
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1.6,. 
RAYLEIGH FLOW, k = 1.0 
1.4 
Impulsive acceleration of the plate 
Modified quadrature, N = 4 
1.2 
Numerical Solution for kj_ = 1.0 at 
T = 1.0, using h = 0.025, 6x = 0.005 
Numerical Solution for kj_ = 1.0 at 
T = 1.0, using h = 0.01, 6T = 0.002 
1.0 
J. 
.1 .2 .3 .4 _ .5 
Nondimensional Flow Velocity, q (xn)/w 
^•z 1 
.6 
Figure 29. Comparison of the Velocity Profile Development for 
Rayleigh Flow Using Two Different Step Sizes in 
the Numerical Solution, k =1.0 and N = 4. 
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RAYLEIGH FLOW, k = 10.0 
Constant acceleration of the plate 
Modified quadrature, N = 4 
1.0 
Nondimensional Flow Velocity, q (x )/w 
Figure 30. Transient Development of the Velocity Profile 
in Rayleigh Flow for a Constant Acceleration 
of the Plate, k = 10.0 and N = 4. 






Nondimensional Flow Velocity, q (x,)/w 
J ^z 1 
igure 31. Transient Development of the Velocity Profile 
in Rayleigh Flow for a Constant Acceleration 
of the Plate, k = 5.0 and N = 4. 
107 





Constant acceleration of the plate 
Modified quadrature, N = 4 
.2 .4 .6 .8 
Nondimensional Flow Velocity, q (x )/; 
1.0 
Figure 32. Transient Development of the Velocity Profile 
in Rayleigh Flow for a Constant Acceleration 
of the Plate, k± = 1.0 and N = 4. 
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from x to L , the results for the smallest grid size (h = 0.01 and 
6T = 0.002) represent phenomena occurring on a scale of l/100th of a 
mean free path, at least in the important region of large gradients 
near the plate. 
The only comparison which may be made with other Solutions are 
for the limits of short and long times. In Figure 33 the expression 
for free molecular flow, corresponding approximately to times much 
less than a collision time, is compared with the results for k = 5.0 
and T = 0.1 for the case of impulsive acceleration. This corresponds 
to a ratio of true time to collision time of 0.5. Note that agreement 
in the curves is quite satisfactory. A comparison in the limit of long 
time is made in Figure 34 using the numerical results for k = 5.0 and 
N = 4 at time T = 3.5 and the long time limit relation developed by 
Gross and Jackson in Equation (35) of Reference [39]. Again, agreement 
is very good. It is important to note that for this value of T the 
long time Solution of Gross and Jackson should be considered inaccurate 
for x > 0.5 due to their approximation which required that 
x /T <<1. Thus, the numerical Solution presented in this research 
should be superior for larger values of x-,/T-, ~ X/T. 
RAYLEIGH FLOW 
Impulsive acceleration of the plate 
Modified quadrature, N = 4 
Analytic Solution for free molecular 
flow corresponding to T =0.1 
Numerical Solution corresponding to 
.1 .2 .3 .4 .5 
Nondimensional Flow Velocity, q (x )/w 
Figure 33. Comparison of the Numerical Solution at Small Time to 
the Analytic Free Molecular Solution for Rayleigh 






















































T = 3.5 
Numerical Solution 
corresponding_to 
k = 5.0 and T = 3.5 
.2 .4 .6 1.0 
Nondimensional Flow Velocity, q (x )/w 
Figure 34. Comparison of the Numerical Results for Long Time 
with the Asymptotic Analytical Expression of 
Reference [39] for the Rayleigh Problem, Impulsive 
Acceleration of the Plate. 
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CHAPTER VIII 
DISCUSSION AND CONCLUSIONS 
The method of discrete ordinales has been applied to the linear-
ized BGK Boltzmann equation in an effort to establish a new technique 
for the Solution of this equation over as wide a ränge of Knudsen num-
bers as possible* Significant defects in the only other two papers 
dealing with the discrete ordinate method [16] and [17] were pointed 
out, indicating the need for a development which followed a rigorous 
mathematical approach with emphasis being placed upon basing the theory 
on a solid foundation. 
A new and quite useful Gaussian quadrature was developed par-
ticularly for the type of problems encountered in kinetic theory, 
namely, those problems in which the distribution function possesses a 
streamwise character. The development of this modified quadrature is 
one of the primary contributions of this work since it is this device 
which allows the discrete ordinate method to give accurate Solutions 
for quite large values of Knudsen number. The method was then applied 
to several steady and transient problems with excellent results being 
obtained for each case, thus establishing the accuracy and usefulness 
of the technique. One shortcoming is that higher order approximations 
(large N) are required to obtain accurate results for Knudsen numbers 
larger than 100» 
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The application of the method to time dependent problems was 
coupled with an application of a finite difference scheme to solve the 
resulting System of partial differential equations. It was found that 
if the boundaries are accelerated continuously, rather than impulsively, 
to some final velocity, then the numerical Solutions are quite accurate 
even for ratios of distance to mean free path on the order of 0„025. 
Further, these Solutions clearly describe the physical phenomena occur-
ring during the time from which the gas is initially disturbed until it 
finally reaches a steady State condition. Of particular interest is the 
velocity "overshoot" at the wall which occurs in the time dependent 
Couette problem for values of d/y < 2.0. 
The results of the investigation may be summarized in the follow-
ing conclusions: 
1. The discrete ordinate method has been shown to give accurate 
Solutions over a wider ränge of Knudsen numbers for a given amount of 
computational effort than any other existing analytic method applied 
to the linearized BGK Boltzmann equation. 
2o Much of the success of the method is due to the development 
of the modified quadrature. However, the Gauss-Hermite quadrature may 
be used with good success for values of d/y > 1. 
3c The difference scheme presented for the time dependent System 
of partial differential equations is stable and converges to the steady 
State Solution for the transient Couette flow problem investigated 
and to the appropriate asymptotic Solution for the Rayleigh flow 
problem. 
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4. Shortcomings in the application of a finite difference method 
to an initial value problem have been pointed out, with emphasis being 
placed on discussing the effects of the relation of grid spacing to mean 
free path. 
5= For physically realistic initial value problems the finite 
difference scheme applied in conjunction with the discrete ordinate 
method will give excellent results, even to a Scale quite small compared 
to the mean free path of the gas. 
6. The primary weakness in the discrete ordinate method is in 
the very near free molecular flow regime (Knudsen numbers greater than 
100) where it is necessary to take large values of N to obtain accurate 
results. This weakness is not in the Solution for the perturbed distri-
bution function, but rather in applying a quadrature to form the velocity 





SOLUTION OF THE LINEARIZED BOLTZMANN EQUATION 
FOR STEADY COUETTE FLOW 
For the case of steady flow the linearized Boltzmann equation 
with Krook model takes on the form 
2 2 
± 00 -Q O —C 
^- c | | - = -Y* + — [ J e X y + d c + f e X <Tdc ] ( A - l ) 
d x 9? r- J x J x 
V7T O -°° 
Applying the discrete ordinate method gives a System of 2N ordinary 
differential equations of the form 
dY* + N 
± £ a — - = -<T + — Y H.Cvt + Y.) (A-2) 
d K dC K /— • -i i i i 
VIT 1 = 1 
for K = 1,2,...,N. Note that the summation term on the right-hand side 
couples these equations together so that a simultaneous Solution is 
requiredo The linearized boundary conditions for the steady State 
Couette flow case with plates moving at velocity ±w/2 are 
4>K (£ = +1/2) = +w ; K = 1,2,...,N (A-3) 
In order to solve Equation (A-2) exponential Solutions are assumed 
according to the form 
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V* = A* e P ? (A-4) 
Substituting this into (A-2) gives 
N 
± ^ a p A V 5 = - A V 5 + — [ I H.(AT + AT)ePC] (A-5) 
d K K K /— ,un 2. 2. 1 
• TT 1 = 1 
Noting that the exponential terms cancel in this equation and that the 
summation involves only a summation of constants, it is possible to 
± 
express A as 
± K 
A = (A-6) 
1 ± — pa 
d K 
+ 
lere K = (1//JT) £ H.(A. + A.) is a constant depending only on N. 
r - N 
wh( 
i=l 
Now that the form of A has been established, Equation (A-6) is sub-
stituted into (A-2) to yield, after cancelling the K from each term 
and some slight rearrangement, the characteristic equation 
N i r 
Vir^'T (A-7) 
1=1 1 - na. 
N 
where n = (yp/d) . Since \ H. = /JT/2 for a Gauss-Hermite quadrature 
i=l ± 
with a total of 2N points in the interval (-00,00) or for the modified 
quadrature with N points in the interval (0,°°)"or (-°°,0), Equation (A-7) 
possesses a degenerate Solution r\ - 0. Thus, for arbitrary Knudsen 
2 
number y/d there results the double degeneracy condition p = 0 . This 
means that, in addition to the exponential Solutions, there is a term 
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N - l 
= — I 
/fr j= l 
P jc 
r e 
3 1 ± /rT7 a 
3 < 
:¥ + D 
1 + v n . a 
3 < 
+ E £ + F (A-8) 
K K 
It is now necessary to establish some relationships between the 
± ± 
E and the F . Assuming the Solution 
Y+ = E + £ + F' 
K K !• 
(A-9) 
corresponding to the degenerate characteristic values and substituting 
this into Equation (A-2) gives 
N 
^ a E* = - E ^ - F+ + — [ 5" H.(E"U + F! + E.£ + FT)] 
d K K K K l— , L n 1 1 1 1 1 
VIT 1 = 1 
(A-10) 
Equating the coefficients of the first powers of £ gives 
E" = — V H.(ET + ET) 
K r~ .t-, 1 1 1 
/TT 1 = 1 
(A-ll) 
Since the right-hand side is a constant regardless of the value of K 
+ 
and since (A-ll) must hold for each K, this implies that all the E 
K 
quantities are equal, so that 
E^ = E ; K = 1,2,...,N (A-12) 
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Another relation, which is obtained by equating coefficients of the 
± 
zeroth power of £, yields conditions on F 
1 
F = + ̂ - a E + — y H.(F! + FT) 
K d K i— .L^ 1 1 1 
VIT 1 = 1 
(A-13) 
Again, since the summation term is invariant with K for a given value 
of N, this may be reduced to 
± - u F = + 3 - a E - F 
K d K 
(A-14) 
Therefore, the Solution may now be written as 
i V 
/TT ] = 1 
p:5 
• P j 5 
+ D 
1 ± /n. a 
D < 
1 + vn. a 
D K 
(A-15) 
+ E(K + x a ) - F d K 
where the C , D., E, and F are 2N arbitrary constants which are deter-
mined by applying the boundary conditions. If the conditions of Equa-
tion (A-3) are applied, the system of equations to be solved for the 
arbitrary constants is 
N - 1 
7= -1 
VH ] = 1 
- P . / 2 P . / 2 
C e l D e 
1 + / r iT a -* 1 - /r\7 a 
(A-16) 









C. — - + D. — -
J 1 - VT\7 a 1 + /n7 a 
] < J K 
+ E(^- + 4 a ) - F = +w (A-17) 
2 d K 
However, from the symmetry of this flow, it can be shown that C. = -D. 
and F = 0 by substituting these values into Equation (A-16) and (A-17). 
Also, note that the constant w, representative of the velocity differ-
ence between the plates, may be included in the arbitrary constants so 
that the Solution need not be repeated for different values of w. Thus, 
finally, the Solution may be written as 
H» . N-l 
- = — l c. 
/TT j=l J 
w 
V -P jc 
1 + vr\. a 
: < 
1 - vr\7 a 
1 K 




H» . N-l 
- - - I c. 
W vV i=l ^ 
V "¥ 




for K = 1,2,...,N. Here, C. = C./w and E = E/w and they are determined 
: : 
from t h e c o n d i t i o n s 
N - l 
— I c. 
/n~ j = l 3 
V2 - p / 2 
1 - n. a 1 + /n . a 
+ E ( i+ £ a ) 
2 d K = 1 
(A-20) 
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The p0 and r\. are determined from the characteristic Equation (A-7) and 
: 3 
2 
the relation r\. = (y p./d) . 
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APPENDIX B 
SOLUTION OF THE LINEARIZED BOLTZMANN EQUATION FOR FULLY 
DEVELOPED FLOW OF A GAS BETWEEN TWO INFINITE PARALLEL PLATES 
The linearized Boltzmann equation with Krook model and assuming 
a constant pressure gradient K/kT in the z-direction takes on the form 
2 2 
au/ ± l °° -c o -c 
n + T c ~ - = -V~ + — [/ e X ^+dc + / e X V de ] (B-l) d x a£ /— J x J x 
vir o -°° 
where n = x/y. Applying the discrete ordinate method to the integra-
tions over c gives a System of 2N ordinary differential equations of 
the form 
n * H 
d* + N 
-̂ct - ~ = -Y~ + — 7 H.Cvt + V.) (B-2) 
d K d? K i— . L_, l I I 
VIT 1 = 1 
for K = 1,2,...,N. The linearized boundary conditions are 
V~KU = +1/2) = 0 ; K = l,2,c..,N (B-3) 
Note that Equation (B-2) represents a nonhomogeneous System; however, the 
homogeneous case corresponds exactly to the governing System for steady 
Couette flow, Equation (A-2) of Appendix A. Since the nonhomogeneous 
terms are all constants and since this System results in the same 
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characteristic equation as that given by Equation (A-7), there results a 
Solution of the form 
y+(0 = R+£2 + S % + T* (B-4) 
K K K K 
in addition to the N-l pairs of exponential Solutions. 
Equation (B-4) contains too many constants for the number of 
boundary conditions available so it is necessary to find some relation-
ship between thenu Substituting (B-4) into (B-2) and equating the 
2 
coefflcients of £ gives 
N 
C = — I H.(Rt + R.) (B-5) 
K r- .^ 1 1 1 
VIT 1 = 1 
for K = l92,.o.,N so that all the R must be equal. Hence, there results 
the relation 
R* = R (B-6) 
K 
Similarly, equating the coefficients of £ gives 
N 
S" = + 2 j a R + - I H.(s! t S.) (B-7) 
K d K /— . u n 1 1 1 
vir i=l 
or, since the summation is independent of K, 
S+ = + 2 7 a R + S (B-8) 
K d K 
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Finally, equating the constants gives 
T* = -n + 2(3-) a2R + 3- a S + T 
K d K d K 
(B-9) 
Note that all the R , S , and T have been expressed in terms of known 
K K K 
quantities and three new constants R, S, and T. However, there is 
still one extra constant for the number of boundary conditions avail-
ablec One final Substitution of the quadratic form into the original 
equation yields the relation 
R = (-) n 
y 
(B-10) 
Thus, the Solution may be written as 
1 N - l 
— I C . 
/jT j = i ] 
,V - P j ? 
1 + vru a 1 - /TTT a 
1 K ] K 
+ $v ( B - l l ) 
and 
- 2 a - £ + ( - 1 + 2 a 2 + T) 
K y « 
¥ n N - l 
"T= — I C. 
n /rr j = l 
P jc ; p a s 
1 - /nT a 1 + vriT OL 





+ 2a - £ + ( - 1 + 2a + T) 
« y « 
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where the condition of symmetry of the problem has been applied and the 
perturbed distribution function has been divided by the parameter n so 
that Solutions may be obtained which are independent of this quantity. 
Applying the boundary conditions to these equations yields a 
system of N equations from which the constants C. and T may be obtained, 
n N - l ,. 
— I C-
/IT j= i : 
- p / 2 + p / 2 
1 + /nT a 1 - /nT a 
1 < 1 K 
+ T = 1 - i ( - ) -a - -2a 2 (B-13) 
4 \i K \l K 
The p . and r\. a r e determined from t h e c h a r a c t e r i s t i c equat ion 
1 1 
w i r 
y H i _ ™ 
1=1 1 - n«. 
1 
(B-14) 
and the relation n = (u p/d) . 
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APPENDIX C 
SOLUTION OF THE TRANSIENT, COLLISIONLESS, LINEARIZED 
BOLTZMANN EQUATION FOR COUETTE AND RAYLEIGH FLOWS 
Couette Flow 
For the collisionless, transient case the one-dimensional linear-
ized Boltzmann equation takes the form 
¥-+* w--° ^ 
dl X dE, 
where r = t/3d and E, - x/d are the nondimensional time and distance 
coordinates. For the Couette flow problem it is convenient to trans-
form the normal coordinate according to the relations 
l = K + 1/2 
n = £ - 1/2 (C-2) 
so t h a t 0 < £ < 1 and - 1 < r\ < 0. This coord ina te System i s i n d i c a t e d 
below 
/ / / / / / / / / / / / / 
ti. 
t c 
-w/2 < / / / / / / / / / / / / / 
+ n(-) t? 
z 
+ + w/2 
1 
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Thus, Equation (C-l) may be written as 
f^+c 5*1= 0 (C-3) 
3x K H 
" + c 33L = o (c-4) 
3x x . 
3n 
Impulsive Acceleration 
For the case of impulsive acceleration of the plates the boundary 
conditions are 
V+(l = 0,T) = -w 
*F (n = 0,T) = +w (C-5) 
while the initial conditions are 
¥ +(£>0,T=0) = 0 
¥ (n<0,i=0) = 0 (C-6) 
Taking the Laplace transform of Equation (C-3) yields 
dy+ -+ 
c — + s r = 0 (C-7) 
X d i 
-+ *" + ~ 
where ¥ (£) is the Laplace transform of ¥ (£,T). The Solution to this 
equation corresponding to the transformed boundary condition is 
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-(s/c K 
ü+ - w x ¥ = - — e 
s 
(C-8) 
where s is the transformation parameter. 
Similarly, the Solution for ¥~ is given by 
w "(s/cx)fi 
Y" = - e 
s 
(C-9) 
where both n and c are non-positive. These may be inverted to yield 
Y + = { 
0 for £ > xc > 0 
x 
-w for 0 < £ < TC 
(C-10) 
* - = { 
0 for n < TC < 0 
x 
+w for TC < n < 0 x 
(C-ll) 
The flow velocity is obtained by performing the velocity moment 
Integration 
2 2 
00 -c o -c 
q (£,T) = — [/ e X ^+dc + / e X Y~dc ] 
^•z . /— J x J x 
2vTT O -00 
(C-12) 
Substituting the relations for T and V into this equation gives 
H z 1 ~ i- i 
—TTZ - TT C-erfc(^/T) + erfc( n /x)] 
W/ Z £ 
(C-13) 
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or, in terms of the normalized space coordinate 
^ z ( ^ T ) . 1 
w/2 " 2 
where the complementary error function is defined as 
oo 2 
erfc(x) = — / e du = 1 - erf(x) 
VTT X 
Constant Acceleration 
If the surfaces are accelerated with constant acceleration ±w/2 
over a period of time 0 < x < 1 and then held at the constant velocities 
±w/2 for x > 1, the boundary conditions become 
for 0 < x < 1 
for x > 1 
for 0 < x < 1 
(C-15) 
for x > 1 
while the initial conditions remain the same as for the previous casec 
Since this free molecular Solution is to be used as a comparison 
with numerical Solutions reported in Chapter VI, the time period of 
erfc - erfc (C-14) 
V+(l = 0 , T ) = < 
-wx 
-w 
Y (n = 0,T) = 
wx 
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interest is that for which 0 < i < 1, Only in this region can the 
assumption of neglecting collisions be justified for the values of 
d/u which were treated numericallyo Thus, the transformed equation is 
again the same as for the impulsive case, but the transformed boundary 
_ + 
conditions are altered0 The Solutions for ¥ are then 
»* w (C-16) 
iy = w 
(C-17) 
These may be inverted to give 
y+ = / 
for 0 < TC < E 
x 




for n < TC < 0 
x 
+W(T - n/c ) for TC < n < 0 
X X 
(C-19) 
for 0 < T < 1. Recall that n,c < 0 in Equation (C-19). 
x - rL 





" J (T-I/C )< 
C/T 
- c °° ^ - c 
i de + / ( T - 1 n I / c )e de 
X ^ ' ' X X 
In | /T 
(C 
or 




[ - T e r f c ( ^ / x ) + T e r f c ( I n l / T ) ] (C 
2 2 -
OO -Q 00 _ C 
+ E J e / c de - Inj J e / c de 
~% x x ' ' J xx 
? / T Inl /T 
But J e /u du is related to the exponential-integral function [ 
a 
-tx -Ei(-t) = / e y/y dy = / e /x dx 
t 1 
(C 
so that by letting y = u there results 
oo _ 2 
•Ei(-t) = 2 / e U /u du 
a=/t~ 
Thus, the Solution for the flow velocity may be written as 
(C 
w/2 
1 J /n" 
/TT 
e r f c [ ( l / 2 - O / T ] - e r f c [ ( l / 2 + O / T ] (C 
- [ (£ + l / 2 ) / 2 ] E i [ - U + 1 / 2 ) / T ] + 
[ ( 1 / 2 - 0 / 2 ] E i [ - U - 1 / 2 ) 2 / T 2 ] 
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for 0 < i < L 
Rayleigh Flow 
Impulsive Acceleration 
The free molecular Solution for the Rayleigh problem is quite 
similar to that for the transient development of Couette flow. An 
infinite plate is impulsively accelerated in its own plane from rest to 
a velocity of w with the geometry and coordinate System given below 
+ x 
> w 
/ / / / / / / / / / / / 
The governing equations for the collisionless, one-dimensional linear-
ized case are 
W ZV ,n _ , 
+ c -r - 0 (C-25; 
8x x 9x 
where T = t/3 has the dimension of distance» Due to the condition that 
¥ (x-»«vr ) = 0 and the assumption that there are no molecular colli-
sions, the Solution for ¥ is 
^ (x,r1) = 0 (C-26) 
Solving Equation (C-25) by using Laplace transforms as was done 
in the Couette flow case and applying the linearized boundary condition 
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that V (X=0,T ) = 2w gives 
• • . 
0 for x > xnc > 0 1 x 
2w for 0 < x < T,C 
1 x 
(C-27) 
The flow velocity is then obtained by the velocity moment Inte-
gration indicated in Equation (C-12) and the resulting expression is 
^z 1 
—- = - erfcCx/O 
w / ± 
(C-28) 
Constant Acceleration 
If the plate is accelerated with a constant acceleration w over 
an interval 0 < T < 1 and then held constant at the velocity w for 
T > 1, the boundary condition becomes 
¥+(X=0,T) = 
2wx for 0 < T < 1 
2w for T > 1 
(C-29) 
where x = x/y and T = t/ßy are the ratios of distance to mean free path 
and true time to collision time, respectively. 
Again solving by Laplace transforms for the ränge 0 < f < 1 there 
results the Solution 
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Y+ = < 
for x > TC > 0 
X 
2W(T-X/C ) for 0 < x < TC 
X X 
(C-30) 
¥ = 0 (C-31) 
The flow velocity is then given by a velocity moment Integration as 
before and yields 
— = — (4" T erfc(x/r) - ̂  Ei[-(x/T)2]} 
w /— 2 2 
/TT 
(C-32) 
which is valid only if 0 < T < 1. 
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APPENDIX D 
STABILITY ANALYSIS FOR THE 
SYSTEM OF FINITE DIFFERENCE EQUATIONS 
For the stability analysis of the System of finite difference 
± 
equations the form of each equation for ¥ may be written as 
n+1 Ä ± n Ä ± fix n + 1 Ä ± n+1 Ä ± 
Yn+1(i) = H-n(i) - a ^7 [Yn+1(i+l) - ̂ n+1(i-l) ] (D-l) 
K K K 2h K K 
Ä N Ä 
-6T ^(i) 1 + — T H.[V?(i)+ + ^(i)"] 
• TT "1=1 
n i ± 
where ¥ (i) denotes the function ¥ evaluated at space step i and time 
K K 
step n, and h and 6T are the finite space and time Steps, respectively, 
± 
The most unstable of the ¥. functions is now selected from the set for 
j = 1,2,...,N and is denoted by ¥ (it may be shown that stability 
results are the same if one of the ¥. functions had been selected). 
Now following the von Neumann method for stability analyses, let 
" A ik i 
Y (i)+ = (i> vn e K ) + = C+ (D-2) 
K K K K 
where i represents a magnitude for the function ¥ , and r 
represents a growth term which is indicative of the error increase as 
the time Steps increase. The requirement for stability is that |r| < 1, 
135 
From Equation (D-2) it is seen that 




* A ik 
Y (l+l) = C e 
K K 
(D-4) 
Substituting these relations into Equation (D-1) gives 
r ik -ik 
+ + ÖT r + K + Kn 
rr=c,-oi—— l c , r e - z, r e ] 





 + «1 £ H . U T + cT) 
6T 
r = 1 - OL rr- r (cos k + i sin k - cos k + i sin k ) (D-6) 
K 2h K K K K 
+ 
C- + C . Ä H C 
ÖT K K 
U f. IN L, . T L, . p I I L, 
+ 6 T ( J S . 1 ) t « i | H . p — 4 + i i -s-
vir vir i =i : c + vir c 
: *< 
ct 
Thus, the expression for r may be simplified to 
H 







j = l • 
3*< 




6T . . 
1 + l a -— sin k 
K h K 
(D-7) 
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The criterion for stability is that |r| < 1 or that |r | < 1. Note that 
Equaxion (D-7) is of the form 




a + b 
(D-9) 
Applying this to Equation (D-7) gives 
l . «T(i _ JL) + iL 
/TT V7T 
-r̂ 2 
ci + c i N + H 
K + 
6x 2 o 
1 + (°V T ^ sin k 
K h K 
J (D-10) 
But since the most unstable function was chosen 
+ i „ I - 1 i + £. and k. < k 
:' i < 
so that 
2, r < 
1 - 6T(1 - — ) + — (/iT- H ) 
V7T VIT 
/ 6T,2 . 2, 
1 + (ot —-) sm k 
K h K 
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ov 
|r2| < X < 1 (D-11) 
1 + e 
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